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Languages vs libraries: LLVM is a compiler for general 
languages, yet it is a library that does not require a parser

LLVM Library

C++ API

Parsed Language Library

Binary code
https://llvm.org

// a*b 
Value* mul = builder.CreateMul(a, b);
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Selective highlights from the history of compilers

1950s - Fortran Compiler 
• The History of Fortran (Backus 1982)

1960s - Simple expression optimizations 
• Common subexpression elimination 
• Operator strength reduction 
• Program optimization (Allen 1969)

1970s - Loop transformations 
• Strip-mining and tiling 
• Simple loop parallelization 
• Dependence testing 
• Lots of work at Illinois

1980s - Loop analysis and parallelization 
• Auto-vectorization 
• Auto-parallelization

1990s - Polyhedral model 
• Auto-scheduling 
• Code generation through scanning 
• Remove cost of object-orientation

2000s - SSA and LLVM 
• SSA becomes widely used 
• LLVM makes compilers accessible 
• Remove cost of dynamic languages

2010-2020w - DSLs and Synthesis 
• Halide, TensorFlow/XLA, taco 
• Code generation for SQL
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Automatic programming

a = Bc

for (int i = 0; i < M; i++) {

double t = 0.0;

for (int p = B_pos[i]; p < B_pos[i+1]; p++) {

int j = B_crd[p];

t += B[p] * c[j];

}

a[i] = t;

}

lower

Figure 8-4: The top-down compilation ap-
proach to sparse tensor algebra compilation,
where a high-level notation are lowered to an
optimized kernel by a code generator.
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int pB2 = i*N + j;
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optimize

Figure 8-5: The sideways optimization approach to sparse tensor algebra compi-
lation, where imperative loops are optimized and potentially converted to sparse
loops that iterate over a di�erent format. For example, a dense loop nest is con-
verted to a sparse loop nest over a CSR data structure.

There are two approaches to sparse compiler techniques:

compilation of high-level language constructs, where the compu-
tation is expressed in high-level mathematical languages, such
as tensor algebra, that is compiled down to optimized imperative
code (Figure 8-4); and

optimization of sparse imperative code, where sparse imperative
loops are optimized or where dense loops are transformed to
sparse loops (Figure 8-5).

The work in this dissertation falls into the �rst category and explores
how to compile and optimize a tensor algebra expression language on
dense and sparse operands. This expression language can then be im-
plemented as part of a language or as a library. The prior work, how-
ever, falls into the second category, exploring how to transform dense
imperative linear algebra code to sparse code or how to optimize sparse
code.

High-Level Language Construct Compilers

In the compilation approach, the linear and tensor algebras are viewed
as programming languages, or part of programming languages, to be
optimized and compiled tomachine code, similar to the other program-
ming language constructs. The history of compiler construction has
been a march towards higher-level programming language constructs,
from assemblers, through to the replacement of goto statements with
half a dozen language constructs in structured programming, to mod-
ern high-level object-oriented and functional languages. As stated by
Backus et al. [12], the goal of the FORTRANAutomatic Coding System

“was to enable the programmer to specify a numerical pro-
cedure using a concise language like that of mathematics
and obtain automatically from this speci�cation an e�-
cient 704 program to carry out the procedure.”
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The compiler as an optimizer The compiler as an automater

“In short, automatic programming always has been a euphemism for programming with a 
higher-level language than was then available to the programmer. Research in automatic 
programming is simply research in the implementation of higher-level programming languages.” 
- David Parnas
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Granularity of generated code

ray and tensor algebra codes. I have chosen to make a distinction be-
tween libraries and programming systems, where I de�ne a library as
software that provides implementations for single operations, whereas
programming systems o�er general support for a class of operations.
The programming systems vary in the type of operations they support.
For example, NumPy supports dense array operations with broadcast
semantics, the MATLAB Tensor Toolbox supports any binary pairwise
sparse tensor contractions on coordinate tensors, and taco supports
any n-ary tensor expression and tensors stored in many dense and
sparse formats.

There are two ways to create a function that computes a tensor al-
gebra expression (a kernel): it can be handwritten by a programmer or
generated by a compiler. For any given kernel, it is, of course, easiest
to write it by hand than to develop a compiler. In fact, how to generate
general sparse tensor algebra kernels was, until this dissertation, an
open problem. The downside of handwritten kernels is, however, that
every expression incurs a development and optimization cost for each
data structure and for each machine it is required for. Developing even
one such kernel necessitates an intellectual e�ort that is often of such
signi�cance as to be published in a peer-reviewed conference or jour-
nal paper. Thousands of papers have been written on di�erent sparse
linear and tensor algebra kernels for di�erent expressions, data for-
mats, optimization strategies, and machines. Furthermore, as argued
in Section 1.2, the number of possible kernels for sparse tensor algebra
grows a the cartesian combination of these factors. Therefore, unless
we move to a code-generation approach, such as the one described in
this dissertation, we should expect thousands more.

A = B � (CD)

Matrix T = gemm(C,D);

Matrix A = spelmul(B,T);

select

Kernel Library
gemm

spelmul

matadd
ttv

ttm

mttkrp

spmv
. . .

Figure 8-2: Programming system built
on top of a kernel library. The system
must transform expressions and tensors
to �t available hand-written kernels.

A = B � (CD)

int pA2 = 0;

for (int pB1 = B1_pos[0];

pB1 < B1_pos[1]; pB1++) {

int i = B1_crd[pB1];

for (int pB2 = B2_pos[pB1];

pB2 < B2_pos[pB1+1]; pB2++) {

int j = B2_crd[pB2];

double t = 0.0;

for (int k = 0; k < O; k++) {

int pC2 = i * O + k;

int pD2 = k * N + j;

t += C[pC2] * D[pD2];

}

A[pA2++] = B[pB2] * t;

}

}

compile

Figure 8-3: Programming system built
on top of a compiler. The system can in-
voke the compiler to generate any ker-
nel and is therefore not forced to trans-
form expressions and tensors.

A compiler approach promises to reduce overall implementation
cost by enabling programmers to express their tensor expressions in a
high-level tensor notation. These expressions are then combined with
separate descriptions of data formats, optimization strategy, and ma-
chine to automatically generate an optimized kernel. This approach
provides users with the best of both worlds: they write their expres-
sions in high-level tensor notation and obtain the performance as if
they wrote and optimized the kernel by hand in a low-level language
such as C.

General programming systems for tensor algebra can be designed
in two ways: they can either be built on top of libraries of handwritten
kernels (Figure 8-2) or on top of a compiler (Figure 8-3).

Programming systems built on top of kernel libraries must im-
plement a strategy to map general expressions to a �xed number
of kernels. These programming systems, such as MATLAB[123]
and Cyclops [119], rewrite compound expressions as a sequence
of sub-expressions and rearrange tensors to �t the available ker-
nels. This strategy reduces their performance because sequences
of unfused subexpressionsmay perform asymptoticallymore op-
erations, may su�er from poor temporal locality, and may re-
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What does a compiler do for you?

1. Lets you program a different machine than the one you actually have 
• A high-level language is an imaginary machine (virtual machine) 
• The compiler automatically programs the actual machine for you 

2. Lets you know if you are using the language incorrectly 

3. Optimizes the performance of your program
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In the Golden Era of Computing,  
Performance Engineering Ruled the World

Every programmer was a Performance Engineer

IBM System/360

Launched: 	 1964

Clock rate:	 33 KHz

Data path:	  32bits

Memory:     524 Kbytes

Cost:          $5,000 per month

Apple II

Launched: 	 1977

Clock rate:	 1 MHz

Data path:	  8 bits

Memory: 	  48 Kbytes

Cost: 	         $1,395

Any useful program would stretch the machine resources

Program had to be planned around the machine

Many would not ‘fit’ without intense performance hacks

© Charles Leiserson and Saman Amarasinghe
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Software Properties 

Performance is the currency of computing.  You can 
often "buy" needed properties with performance.

What do programmers want to add?

• Scalability

• Compatibility

• Correctness

• Clarity


• Low Power

• Maintainability

• Modularity

• Portability


• Reliability

• Robustness

• Testability

• Usability

	 … and more.

• New Functionality
	 … and…

© Charles Leiserson and Saman Amarasinghe
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The currency was free

Only need to wait a few months

Performance doubled every 2 years

In the Dominant Era of Computing, 

Performance became Free 

© Charles Leiserson and Saman Amarasinghe

Performance is the currency of computing.  You can 
often "buy" needed properties with performance.
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In the Dominant Era, Performance was Free 

Moore’s Law and the scaling of clock frequency
= printing press for the currency of performance

© Charles Leiserson and Saman Amarasinghe
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In the Dominant Era, Performance was Free

© Charles Leiserson and Saman Amarasinghe

Performance is the currency of computing.  You can 
often "buy" needed properties with performance.

Performance engineering was

  ‘optional’ at best and

  ‘irrelevant’ for most programmers
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Performance is the currency of computing.  You can 
often "buy" needed properties with performance.

Moore’s law is not giving free

performance any more

The Age of Free Performance is Over
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The Age of Free Performance is Over

Two ways to get better performance:


1. Remove software abstractions costs


2. Build domain-specific hardware


Both requires specialization. A compiler is 

a specialized code generator.
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Figure from “There’s plenty of room at the Top: What will drive computer 
performance after Moore’s law?” Leiserson et al., Science 368

“Abstraction is selective 
ignorance” 
- Andrew Koenig

“All problems in computer science 
can be solved by another level of 
abstraction,  except the problems 
of too many levels of 
 abstraction.” 
- David Wheeler

Inefficient abstractions mechanisms in software and 
inefficient use of hardware

classes. It turns out, however, that this naïve
code leaves much of the performance available
on modern computers “on the table.” The code
takes about 7 hours on a modern computer to
compute the matrix product, as shown by
the first row (version 1) in Table 1, achieving
only 0.0006% of the peak performance of the
machine. (Incidentally, Python 3 requires about
9 hours for the same computation.)
How can this naïve matrix-multiplication

code be performance engineered? Simply choos-
ing a more efficient programming language
speeds up this calculation dramatically. For
example, coding it in Java (version 2) produces
a speedupof 10.8×, and coding it in C (version 3)
produces an additional speedup of 4.4×, yield-
ing an execution time that is 47 times faster
than the original Python. This performance
improvement comes from reducing thenumber
of operations the program performs. In partic-
ular, Java and C avoid the extraneous work
that Python does under the hood to make
programming easier. The price for this per-
formance gain is programmer productivity:
Coding in C is more onerous than coding in
Python, and Java lies somewhere in between.
Although switching languages gains a speed-

up of almost 50×, tailoring the matrix code to
exploit specific features of the hardware makes
it run an additional 1300 times faster. This gain
comes from parallelizing the code to run on all
18 of the processing cores (version 4), exploiting
the processor’s memory hierarchy (version 5),
vectorizing the code (version 6), and using
Intel’s special Advanced Vector Extensions
(AVX) instructions (version 7). The final op-
timized code performs the task in only 0.41 s—
more than 60,000 times faster than the 7 hours
of the original Python code!
The point of this example is to illustrate the

potential gains available from performance
engineering naïvely coded software. In the par-
ticular case of matrix multiplication, a good
programmer could avoid this programming
effort by using optimized code from existing

software libraries. If she were writing code to
solve a new problem, however, shewould need
to optimize the code herself. And although not
every application can improve by nearly five
orders of magnitude through performance
engineering, most modern software systems
contain ample opportunity for performance
enhancement, especially if the codebase is
large enough.
During the post-Moore era, it will become

ever more important to make code run fast
and, in particular, to tailor it to the hardware
on which it runs. Modern computers provide
architectural features designed to make code
run fast. For example, versions 4 and 6 exploit
parallelism, which is the ability of computers
to perform multiple operations at the same
time. Version 5 exploits locality, which is the
computer’s ability to access data elements ef-
ficiently when they are collocated in memory
(spatial locality) or have been accessed re-
cently (temporal locality). Version 7 exploits
both parallelism and locality through care-
fully coordinated use of Intel’s AVX instructions.
As we shall see in the Hardware architecture
section, architectures are likely to become in-
creasingly heterogeneous, incorporating both
general-purpose and special-purpose circuitry.
To improve performance, programs will need
to expose more parallelism and locality for the
hardware to exploit. In addition, software per-
formance engineers will need to collaborate
with hardware architects so that new pro-
cessors present simple and compelling ab-
stractions that make it as easy as possible to
exploit the hardware.
Beyond the tailoring of software to hard-

ware is the question of bloat: Where does
software bloat come from? Certainly, some
bloat comes from trading off efficiency for
other desirable traits, such as coding ease, as
versions 1 to 3 of the matrix-multiplication
code illustrate. Bloat also comes from a failure
to tailor code to the underlying architecture,
as versions 4 to 7 show. But much software

bloat arises from software-development strat-
egies (13, 14), such as reduction.
The idea of reduction is this. Imagine that

you are a programmer who has been given a
problem A to solve (for example, distinguish-
ing between a yes or no spoken response).
You could write specialized code to solve A
directly, but instead, you might notice that
a related problem B has already been solved
(existing speech-recognition software that
understands many words, including yes and
no). It will take you far less effort to solve A
by converting it into a problem that can be
solved with the existing code for B, that is, by
reducing A to B.
Inefficiencies can arise both from the re-

duction itself (translating A to B) and from
the generality of B (the solution to B is not
tailored specifically to A). But the largest bloat
arises from the compounding of reductions:
reducing A to B, B to C, C to D, and so on.
Even if each reduction achieves an impressive
80% efficiency, a sequence of two independent
reductions achieves just 80% × 80% = 64%.
Compounding 20 more times yields an effi-
ciency of less than 1%, or 100× in bloat.
Because of the accumulated bloat created by

years of reductionist design during the Moore
era, there are great opportunities to make pro-
grams run faster. Unfortunately, directly solving
problem A using specialized software requires
expertise both in the domain of A and in per-
formance engineering, which makes the pro-
cess more costly and risky than simply using
reductions. The resulting specialized software
to solve A is often more complex than the soft-
ware that reduces A to B. For example, the fully
optimized code in Table 1 (version 7) is more
than 20 times longer than the source code for
the original Python version (version 1).
Indeed, simple code tends to be slow, and

fast code tends to be complicated. To create a
world where it is easy to write fast code, appli-
cation programmersmust be equipped with the
knowledge and skills to performance-engineer

Leiserson et al., Science 368, eaam9744 (2020) 5 June 2020 2 of 7

Table 1. Speedups from performance engineering a program that multiplies two 4096-by-4096 matrices. Each version represents a successive
refinement of the original Python code. “Running time” is the running time of the version. “GFLOPS” is the billions of 64-bit floating-point operations per
second that the version executes. “Absolute speedup” is time relative to Python, and “relative speedup,” which we show with an additional digit of precision,
is time relative to the preceding line. “Fraction of peak” is GFLOPS relative to the computer’s peak 835 GFLOPS. See Methods for more details.

Version Implementation Running time (s) GFLOPS Absolute speedup Relative speedup
Fraction

of peak (%)

1 Python 25,552.48 0.005 1 — 0.00
.. .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .

2 Java 2,372.68 0.058 11 10.8 0.01
.. .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .

3 C 542.67 0.253 47 4.4 0.03
.. .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .

4 Parallel loops 69.80 1.969 366 7.8 0.24
.. .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .

5 Parallel divide and conquer 3.80 36.180 6,727 18.4 4.33
.. .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .

6 plus vectorization 1.10 124.914 23,224 3.5 14.96
.. .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .

7 plus AVX intrinsics 0.41 337.812 62,806 2.7 40.45
.. .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .
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There’s plenty of room at the top

REVIEW SUMMARY
◥

COMPUTER SCIENCE

There’s plenty of room at the Top: What will drive
computer performance after Moore’s law?
Charles E. Leiserson, Neil C. Thompson*, Joel S. Emer, Bradley C. Kuszmaul, Butler W. Lampson,
Daniel Sanchez, Tao B. Schardl

BACKGROUND: Improvements in computing
power can claim a large share of the credit for
many of the things that we take for granted
in our modern lives: cellphones that are more
powerful than room-sized computers from
25 years ago, internet access for nearly half
the world, and drug discoveries enabled by
powerful supercomputers. Society has come
to rely on computers whose performance in-
creases exponentially over time.
Much of the improvement in computer per-

formance comes from decades of miniatur-
ization of computer components, a trend that
was foreseen by the Nobel Prize–winning phys-
icist Richard Feynman in his 1959 address,
“There’s Plenty of Room at the Bottom,” to
the American Physical Society. In 1975, Intel
founder Gordon Moore predicted the regu-
larity of this miniaturization trend, now called
Moore’s law, which, until recently, doubled the
number of transistors on computer chips every
2 years.
Unfortunately, semiconductorminiaturiza-

tion is running out of steam as a viable way
to grow computer performance—there isn’t
much more room at the “Bottom.” If growth

in computing power stalls, practically all in-
dustries will face challenges to their produc-
tivity. Nevertheless, opportunities for growth
in computing performance will still be avail-
able, especially at the “Top” of the computing-
technology stack: software, algorithms, and
hardware architecture.

ADVANCES: Software can be made more effi-
cient by performance engineering: restructur-
ing software to make it run faster. Performance
engineering can remove inefficiencies in pro-
grams, known as software bloat, arising from
traditional software-development strategies
that aim to minimize an application’s devel-
opment time rather than the time it takes to
run. Performance engineering can also tailor
software to the hardware on which it runs,
for example, to take advantage of parallel pro-
cessors and vector units.
Algorithms offer more-efficient ways to solve

problems. Indeed, since the late 1970s, the time
to solve the maximum-flow problem improved
nearly as much from algorithmic advances
as from hardware speedups. But progress on
a given algorithmic problem occurs unevenly

and sporadically and must ultimately face di-
minishing returns. As such, we see the big-
gest benefits coming from algorithms for new
problem domains (e.g., machine learning) and
from developing new theoretical machine
models that better reflect emerging hardware.

Hardwarearchitectures
can be streamlined—for
instance, through proces-
sor simplification, where
a complex processing core
is replaced with a simpler
core that requires fewer

transistors. The freed-up transistor budget can
then be redeployed in otherways—for example,
by increasing the number of processor cores
running in parallel, which can lead to large
efficiency gains for problems that can exploit
parallelism. Another form of streamlining is
domain specialization, where hardware is cus-
tomized for a particular application domain.
This type of specialization jettisons processor
functionality that is not needed for the domain.
It can also allow more customization to the
specific characteristics of the domain, for in-
stance, by decreasing floating-point precision
for machine-learning applications.
In the post-Moore era, performance im-

provements from software, algorithms, and
hardware architecture will increasingly re-
quire concurrent changes across other levels
of the stack. These changes will be easier to im-
plement, from engineering-management and
economic points of view, if they occur within
big system components: reusable softwarewith
typically more than a million lines of code or
hardware of comparable complexity. When a
single organization or company controls a big
component, modularity can be more easily re-
engineered to obtain performance gains. More-
over, costs and benefits can be pooled so that
important but costly changes in one part of
the big component can be justified by benefits
elsewhere in the same component.

OUTLOOK: Asminiaturizationwanes, the silicon-
fabrication improvements at the Bottom will
no longer provide the predictable, broad-based
gains in computer performance that society has
enjoyed for more than 50 years. Software per-
formance engineering, development of algo-
rithms, and hardware streamlining at the
Top can continue to make computer applica-
tions faster in the post-Moore era. Unlike the
historical gains at the Bottom, however, gains
at the Top will be opportunistic, uneven, and
sporadic. Moreover, they will be subject to
diminishing returns as specific computations
become better explored.▪
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T = matmul(C, D); 
A =  elmul(B, T);

1. Loose temporal locality

2. Data structures must match what 

functions expect

3. May cause asymptotic slow-down

Three pitfalls:Traditional Library Composition

A = B ⊙ (CD)

Abstraction with friction from traditional library 
composition
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Normalized Time

B

A = B ⊙ (CD)

Example 1: Sampled Dense-Dense Matrix Multiplication 
with Linear Algebra

1
2
3
4
5
6
7
8
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1 2 3 4 5 6 7 8

Element-wise multiplication 64 inner product64 inner product
10 inner product
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same optimality guarantee was presented, called “Leapfrog
Triejoin” [39]. Remarkably this algorithm was already
implemented in a commercial database system before
its optimality guarantees were discovered. A key idea
in the algorithms is handling skew in a theoretically op-
timal way, and uses many of the same techniques that
database management systems have used for decades
heuristically [9, 40, 41]

A technical contribution of this survey is to describe
the algorithms from [29] and [39] and their analyses in
one unifying (and simplified) framework. In particular,
we make the observation that these join algorithms are
in fact special cases of a single join algorithm. This re-
sult is new and serves to explain the common link be-
tween these join algorithms. We also illustrate some un-
expected connections with geometry, which we believe
are interesting in their own right and may be the basis
for further theoretical development.

1. MUCH ADO ABOUT THE TRIANGLE
We begin with the triangle query

Q� “ RpA, Bq � S pB,Cq � T pA,Cq.

The above query is the simplest cyclic query and is rich
enough to illustrate most of the ideas in the new join al-
gorithms.2 We first describe the traditional way to eval-
uate this query and how skew impacts this query. We
then develop two closely related algorithmic ideas al-
lowing us to mitigate the impact of skew in these ex-
amples; they are the key ideas behind the recent join
processing algorithms.

1.1 Why traditional join plans are suboptimal
The textbook way to evaluate any join query, includ-

ing Q�, is to determine the best pair-wise join plan [32,
Ch. 15]. Figure 1 illustrates three plans that a conven-
tional RDBMS would use for this query. For exam-
ple, the first plan is to compute the intermediate join
P “ R � T and then compute P � S as the final output.

�

S�

TR

�

T�

SR

�

R�

TS

Figure 1: The three pair-wise join plans for Q�.

2This query can be used to list all triangles in a given graph
G “ pV, Eq, if we set R, S and T to consist of all pairs pu, vq
and pv, uq for which uv is an edge. Due to symmetry, each
triangle in G will be listed 6 times in the join.

We next construct a family of instances for which any
of the above three join plans must run in time�pN2q be-
cause the intermediate relation P is too large. Let m � 1
be a positive integer. The instance family is illustrated in
Figure 2, where the domains of the attributes A, B and C
are {a0, a1, . . . , am}, {b0, b1, . . . , bm}, and {c0, c1, . . . , cm}
respectively. In Figure 2, the unfilled circles denote the
values a0, b0 and c0 respectively while the black circles
denote the rest of the values.

For this instance each relation has N “ 2m ` 1 tu-
ples and |Q�| “ 3m ` 1; however, any pair-wise join
has size m2 ` m. Thus, for large m, any of the three
join plans will take �pN2q time. In fact, it can be shown
that even if we allow projections in addition to joins, the
�pN2q bound still holds. (See Lemma 3.2.) By con-
trast, the two algorithms shown in the next section run
in time OpNq, which is optimal because the output itself
has �pNq tuples!

1.2 Algorithm 1: The Power of Two Choices
Inspecting the bad example above, one can see a root

cause for the large intermediate relation: a0 has “high
degree" or in the terminology to follow it is heavy. In
other words, it is an example of skew. To cope with
skew, we shall take a strategy often employed in database
systems: we deal with nodes of high and low skew us-
ing di�erent join techniques [9, 41]. The first goal then
is to understand when a value has high skew. To shorten
notations, for each ai define

Q�rais :“ �B,Cp�A“ai pQ�qq.
We will call ai heavy if |�A“ai pR � T q| � |Q�rais|. In
other words, the value ai is heavy if its contribution to
the size of intermediate relation R � T is greater than
its contribution to the size of the output. Since

|�A“ai pR � T q| “ |�A“ai R| ¨ |�A“ai T |,
we can easily compute the left hand side of the above
inequality from an appropriate index of the input rela-
tions. Of course, we do not know |Q�rais| until after
we have computed Q�. However, note that we always
have Q�rais � S . Thus, we will use |S | as a proxy for
|Q�rais|. The two choices come from the following two
ways of computing Q�rais:

(i) Compute �A“ai pRq � �A“ai pT q and filter the re-
sults by probing against S or

(ii) Consider each tuple in pb, cq P S and check if
pai, bq P R and pai, cq P T .

We pick option (i) when ai is light (low skew) and
pick option (ii) when ai is heavy (high skew).

Example 1. Let us work through the motivating ex-
ample from Figure 2. When we compute Q�ra0s, we
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Algorithm 1 Computing Q� with power of two choices.
Input: RpA, Bq, S pB,Cq,T pA,Cq in sorted order

1: Q� � H
2: L � �ApRq X �ApT q
3: For each a P L do
4: If |�A“aR| ¨ |�A“aT | � |S | then
5: For each pb, cq P S do
6: If pa, bq P R and pa, cq P T then
7: Add pa, b, cq to Q�
8: else
9: For each b P �Bp�A“aRq ^ c P �Cp�A“aT q

do
10: If pb, cq P S then
11: Add pa, b, cq to Q�
12: Return Q

of two sorted sets takes time at most the minimum of the
two sizes. Sort-merge join has this runtime guarantee,
because its inputs are already sorted. Note that the sort-
merge join algorithm also makes use of the power of
two choices idea implicitly to deal with skew. If one
set represents high skew, having very large size, and the
other set has very small size, then their intersection us-
ing sort-merge join only takes time proportional to the
smaller size.

For a0, we consider all b P {b0, b1, . . . , bm}. When
b “ b0, we have

�Cp�B“b0 S q “ �Cp�A“a0 T q “ {c0, . . . , cm},
so we output the m ` 1 triangles in total time Opmq. For
the pairs pa0, biq when i � 1, we have |�B“bi S | “ 1 and
hence we spend Op1q time on each such pair, for a total
of Opmq overall.

Now consider ai for i � 1. In this case, b “ b0 is the
only candidate. Further, for pai, b0q, we have |�A“ai T | “
1, so we can handle each such ai in Op1q time leading to
an overall run time of Opmq. Thus on this bad example
Algorithm 2 runs in OpNq time.

We present the full analysis of Algorithm 2 in [30]: its
worst-case runtime is exactly the same as that of Algo-
rithm 1. What is remarkable is that both of these algo-
rithms follow exactly the same recursive structure and
they are special cases of a generic worst-case optimal
join algorithm.

2. A USER’S GUIDE TO THE AGM BOUND
We now describe one way to generalize the bound of

the output size of a join (mirroring the OpN3{2q bound
we saw for the triangle query) and illustrate its use with
a few examples.

2.1 AGM Bound

Algorithm 2 Computing Q� by delaying computation.
Input: RpA, Bq, S pB,Cq,T pA,Cq in sorted order

1: Q � H
2: LA � �ApRq X �ApT q
3: For each a P LA do
4: La

B � �Bp�A“apRqq X �BpS q
5: For each b P La

B do
6: La,b

C � �Cp�B“bpS qq X �Cp�A“apT qq
7: For each c P La,b

C do
8: Add pa, b, cq to Q
9: Return Q

To state the AGM bound, we need some notation. The
natural join problem can be defined as follows. We are
given a collection of m relations. Each relation is over
a collection of attributes. We useV to denote the set of
attributes; let n “ |V|. The join query Q is modeled as
a hypergraph H “ pV,Eq, where for each hyperedge
F P E there is a relation RF on attribute set F. Figure 3
shows several example join queries, their associated hy-
pergraphs, and illustrates the bounds below.

Atserias-Grohe-Marx [2] and Grohe-Marx [20] proved
the following remarkable inequality, which shall be re-
ferred to as the AGM’s inequality henceforth. Let x “
pxFqFPE be any point in the following polyhedron:

����
���x |

�

F:vPF

xF � 1,@v P V, x � 0
����
��� .

Such a point x is called a fractional edge cover of the
hypergraph H . Then, AGM’s inequality states that the
join size can be bounded by

|Q| “ | �FPE RF | �
�

FPE
|RF |xF . (6)

2.2 Example Bounds
We now illustrate the AGM bound on some specific

join queries. We begin with the triangle query Q�. In
this case the corresponding hypergraph H is as in the
left part of Figure 3. We consider two covers (which are
also marked in Figure 3). The first one is xR “ xT “
xS “ 1

2 . This is a valid cover since the required in-
equalities are satisfied for every vertex. For example,
for vertex C, the two edges incident on it are S and T
and we have xS ` xT “ 1 � 1 as required. In this case
the bound (6) states that

|Q�| �
�

|R| ¨ |S | ¨ |T |. (7)

Another valid cover is xR “ xT “ 1 and xS “ 0 (this
cover is also marked in Figure 3). This is a valid cover,
e.g. since for C we have xS ` xT “ 1 � 1 and for vertex
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Figures from Ngo, Ré and Rudra (2013), 
with algorithm from Veldhuizen (2014) 
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Example 2: Triangle Query with Relational Algebra
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Example 3: Simulation with Meshes and Linear Algebra

Linear AlgebraBehaviorMesh

Matrix-free in-place stencil computation

Material

f = Ma
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Example 3: Simulation with Graphs and Linear Algebra

Tetrahedral 
Neo-Hookean FEM 
160,743 elements 

46,779 vertices

ms per frame

source lines
1080

16,080

213,797 Matlab

Eigen (C++ linear algebra library)

Vega (hand-optimized C++)

Matlab Vectorized

2,268

1,025

363293234
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<latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit>

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>A = B � C

<latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit>

a = b� c
<latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit>

A = BC
<latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit>

A = BCd
<latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit>

a = BTBc
<latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit>

K = ATCA
<latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit>

Aij =
X

kl

BiklCljDkj

<latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit>

Aij =
X

k

Bijkck
<latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit>

Aijk =
X

l

BiklClj

<latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit>

Akj =
X

il

BiklCljDij

<latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit>

Alj =
X

ik

BiklCijDkj

<latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit>

Aik =
X

j

Bijkcj
<latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit>

Ajk =
X

i

Bijkci
<latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit>

Aijl =
X

k

BiklCkj

<latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit>

⌧ =
X

i

zi(
X

j

zj✓ij)(
X

k

zk✓ik)

<latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit>C =
X

ijkl

MijPjkMlk Pil

<latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit>

a =
X

ijklmnop

MijPjkMklPlmMnmPnoMpo Pip

<latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit>

a = Bc+ a
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Data Analytics

Thermal Simulation

Convolutions

Too many combinations for a fixed-function library



compressedhash map

for (int pA = 0; pA < m*n; pA++) { 
  A[pA] = 0.0; 
} 
for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_crd[pB1]; 
  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1+1]; pB2++) { 
    int j = B2_crd[pB2]; 
    int pA2 = i*n + j; 
    double t = 0.0; 
    for (int pB3 = B3_pos[pB2]; pB3 < B3_pos[pB2+1]; pB3++) { 
      int k = B3_crd[pB3]; 
      int pc1 = k % c_size; 
      if (c_crd[pc1] != k && c_crd[pc1] != -1) { 
        int end = pc; 
        do { 
          pc = (pc+1) % c_size; 
        } while (c_crd[pc1] != k && 
                 c_crd[pc1] != -1 && pc1 != end); 
      } 
      if (c_crd[pc1] == k) { 
        t += B[pB3] * c[pc1]; 
      } 
    } 
    A[pA2] = t; 
  } 
}

for (int pA = 0; pA < m*n; pA++) { 
  A[pA] = 0.0; 
} 
for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_crd[pB1]; 
  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1+1]; pB2++) { 
    int j = B2_crd[pB2]; 
    int pA2 = i*n + j; 
    double t = 0.0; 
    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2+1] && pc1 < c1_pos[1]) { 
      int kB = B3_crd[pB3]; 
      int kc = c1_crd[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        t += B[pB3] * c[pc1]; 
      } 
      pB3 += (int)(kB == k); 
      pc1 += (int)(kc == k); 
    } 
    A[pA2] = t; 
  } 
} 

for (int pA = 0; pA < m*n; pA++) { 
  A[pA] = 0.0; 
} 
for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_crd[pB1]; 
  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1+1]; pB2++) { 
    int j = B2_crd[pB2]; 
    int pA2 = i*n + j; 
    double t = 0.0; 
    for (int pB3 = B3_pos[pB2]; pB3 < B3_pos[pB2+1]; pB3++) { 
      int k = B3_crd[pB3]; 
      t += B[pB3] * c[k]; 
    } 
    A[pA2] = t; 
  } 
} 

for (int i = 0; i < m; i++) { 

  for (int j = 0; j < n; j++) { 
    int pB2 = i*n + j; 
    int pA2 = i*n + j; 
    double t = 0.0; 
    for (int k = 0; k < o; k++) { 
      int pB3 = pB2*o + k; 
      t += B[pB3] * c[k]; 
    } 
    A[pA2] = t; 
  } 
} CSFdense
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Aij =
X

k

Bijkck
<latexit sha1_base64="21X5a4reBToK+7xIGmomAtCjbOw="></latexit>

dense

int iB = 0; 
int C0_pos = C0_pos[0]; 
while (C0_pos < C0_pos[1]) { 
  int iC = C0_crd[C0_pos]; 
  int C0_end = C0_pos + 1; 
  if (iC == iB) 
    while ((C0_end < C0_pos[1]) && (C0_crd[C0_end] == iB)) { 
      C0_end++; 
    } 
  if (iC == iB) { 
    int B1_pos = B1_pos[iB]; 
    int C1_pos = C0_pos; 
    while ((B1_pos < B1_pos[iB + 1]) && (C1_pos < C0_end)) { 
      int jB = B1_crd[B1_pos]; 
      int jC = C1_crd[C1_pos]; 
      int j = min(jB, jC); 
      int A1_pos = (iB * A1_size) + j; 
      int C1_end = C1_pos + 1; 
      if (jC == j) 
        while ((C1_end < C0_end) && (C1_crd[C1_end] == j)) { 
          C1_end++; 
        } 
      if ((jB == j) && (jC == j)) { 
        int B2_pos = B2_pos[B1_pos]; 
        int C2_pos = C1_pos; 
        while ((B2_pos < B2_pos[B1_pos + 1]) && (C2_pos < C1_end)) { 
          int kB = B2_crd[B2_pos]; 
          int kC = C2_crd[C2_pos]; 
          int k = min(kB, kC); 
          int A2_pos = (A1_pos * A2_size) + k; 
          if ((kB == k) && (kC == k)) { 
            A[A2_pos] = B[B2_pos] + C[C2_pos]; 
          } else if (kB == k) { 
            A[A2_pos] = B[B2_pos]; 
          } else { 
            A[A2_pos] = C[C2_pos]; 
          } 
          if (kB == k) B2_pos++; 
          if (kC == k) C2_pos++; 
        } 
        while (B2_pos < B2_pos[B1_pos + 1]) { 
          int kB0 = B2_crd[B2_pos]; 
          int A2_pos0 = (A1_pos * A2_size) + kB0; 
          A[A2_pos0] = B[B2_pos]; 
          B2_pos++; 
        } 
        while (C2_pos < C1_end) { 
          int kC0 = C2_crd[C2_pos]; 
          int A2_pos1 = (A1_pos * A2_size) + kC0; 
          A[A2_pos1] = C[C2_pos]; 
          C2_pos++; 
        } 
      } else if (jB == j) { 
        for (int B2_pos0 = B2_pos[B1_pos];  
                 B2_pos0 < B2_pos[B1_pos + 1]; B2_pos0++) { 
          int kB1 = B2_crd[B2_pos0]; 
          int A2_pos2 = (A1_pos * A2_size) + kB1; 
          A[A2_pos2] = B[B2_pos0]; 
        } 
      } else { 
        for (int C2_pos0 = C1_pos; C2_pos0 < C1_end; C2_pos0++) { 
          int kC1 = C2_crd[C2_pos0]; 
          int A2_pos3 = (A1_pos * A2_size) + kC1; 
          A[A2_pos3] = C[C2_pos0]; 
        } 
      } 
      if (jB == j) B1_pos++; 
      if (jC == j) C1_pos = C1_end; 
    }

    while (B1_pos < B1_pos[iB + 1]) { 
      int jB0 = B1_crd[B1_pos]; 
      int A1_pos0 = (iB * A1_size) + jB0; 
      for (int B2_pos1 = B2_pos[B1_pos];  
               B2_pos1 < B2_pos[B1_pos + 1]; B2_pos1++) { 
        int kB2 = B2_crd[B2_pos1]; 
        int A2_pos4 = (A1_pos0 * A2_size) + kB2; 
        A[A2_pos4] = B[B2_pos1]; 
      } 
      B1_pos++; 
    } 
    while (C1_pos < C0_end) { 
      int jC0 = C1_crd[C1_pos]; 
      int A1_pos1 = (iB * A1_size) + jC0; 
      int C1_end0 = C1_pos + 1; 
      while ((C1_end0 < C0_end) && (C1_crd[C1_end0] == jC0)) { 
        C1_end0++; 
      } 
      for (int C2_pos1 = C1_pos; C2_pos1 < C1_end0; C2_pos1++) { 
        int kC2 = C2_crd[C2_pos1]; 
        int A2_pos5 = (A1_pos1 * A2_size) + kC2; 
        A[A2_pos5] = C[C2_pos1]; 
      } 
      C1_pos = C1_end0; 
    } 
  } else { 
    for (int B1_pos0 = B1_pos[iB];  
             B1_pos0 < B1_pos[iB + 1]; B1_pos0++) { 
      int jB1 = B1_crd[B1_pos0]; 
      int A1_pos2 = (iB * A1_size) + jB1; 
      for (int B2_pos2 = B2_pos[B1_pos0];  
               B2_pos2 < B2_pos[B1_pos0 + 1]; B2_pos2++) { 
        int kB3 = B2_crd[B2_pos2]; 
        int A2_pos6 = (A1_pos2 * A2_size) + kB3; 
        A[A2_pos6] = B[B2_pos2]; 
      } 
    } 
  } 
  if (iC == iB) C0_pos = C0_end; 
  iB++; 
} 
while (iB < B0_size) { 
  for (int B1_pos1 = B1_pos[iB];  
           B1_pos1 < B1_pos[iB + 1]; B1_pos1++) { 
    int jB2 = B1_crd[B1_pos1]; 
    int A1_pos3 = (iB * A1_size) + jB2; 
    for (int B2_pos3 = B2_pos[B1_pos1];  
             B2_pos3 < B2_pos[B1_pos1 + 1]; B2_pos3++) { 
      int kB4 = B2_crd[B2_pos3]; 
      int A2_pos7 = (A1_pos3 * A2_size) + kB4; 
      A[A2_pos7] = B[B2_pos3]; 
    } 
  } 
  iB++; 
}

Aijk = Bijk + Cijk
<latexit sha1_base64="WmxmhIelAYPD8EnOcKwn0WVL/oQ="></latexit>

CSF COO

Optimized code is often complex, especially when it 
iterates over irregular data structures



Generated Code
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int iB = 0; 
int C0_pos = C0_pos_arr[0]; 
while (C0_pos < C0_pos_arr[1]) { 
  int iC = C0_idx_arr[C0_pos]; 
  int C0_end = C0_pos + 1; 
  if (iC == iB) 
    while ((C0_end < C0_pos_arr[1]) && (C0_idx_arr[C0_end] == iB)) { 
      C0_end++; 
    } 
  if (iC == iB) { 
    int B1_pos = B1_pos_arr[iB]; 
    int C1_pos = C0_pos; 
    while ((B1_pos < B1_pos_arr[iB + 1]) && (C1_pos < C0_end)) { 
      int jB = B1_idx_arr[B1_pos]; 
      int jC = C1_idx_arr[C1_pos]; 
      int j = min(jB, jC); 
      int A1_pos = (iB * A1_size) + j; 
      int C1_end = C1_pos + 1; 
      if (jC == j) 
        while ((C1_end < C0_end) && (C1_idx_arr[C1_end] == j)) { 
          C1_end++; 
        } 
      if ((jB == j) && (jC == j)) { 
        int B2_pos = B2_pos_arr[B1_pos]; 
        int C2_pos = C1_pos; 
        while ((B2_pos < B2_pos_arr[B1_pos + 1]) && (C2_pos < C1_end)) { 
          int kB = B2_idx_arr[B2_pos]; 
          int kC = C2_idx_arr[C2_pos]; 
          int k = min(kB, kC); 
          int A2_pos = (A1_pos * A2_size) + k; 
          if ((kB == k) && (kC == k)) { 
            A_val_arr[A2_pos] = B_val_arr[B2_pos] + C_val_arr[C2_pos]; 
          } else if (kB == k) { 
            A_val_arr[A2_pos] = B_val_arr[B2_pos]; 
          } else { 
            A_val_arr[A2_pos] = C_val_arr[C2_pos]; 
          } 
          if (kB == k) B2_pos++; 
          if (kC == k) C2_pos++; 
        } 
        while (B2_pos < B2_pos_arr[B1_pos + 1]) { 
          int kB0 = B2_idx_arr[B2_pos]; 
          int A2_pos0 = (A1_pos * A2_size) + kB0; 
          A_val_arr[A2_pos0] = B_val_arr[B2_pos]; 
          B2_pos++; 
        } 
        while (C2_pos < C1_end) { 
          int kC0 = C2_idx_arr[C2_pos]; 
          int A2_pos1 = (A1_pos * A2_size) + kC0; 
          A_val_arr[A2_pos1] = C_val_arr[C2_pos]; 
          C2_pos++; 
        } 
      } else if (jB == j) { 
        for (int B2_pos0 = B2_pos_arr[B1_pos];  
                 B2_pos0 < B2_pos_arr[B1_pos + 1]; B2_pos0++) { 
          int kB1 = B2_idx_arr[B2_pos0]; 
          int A2_pos2 = (A1_pos * A2_size) + kB1; 
          A_val_arr[A2_pos2] = B_val_arr[B2_pos0]; 
        } 
      } else { 
        for (int C2_pos0 = C1_pos; C2_pos0 < C1_end; C2_pos0++) { 
          int kC1 = C2_idx_arr[C2_pos0]; 
          int A2_pos3 = (A1_pos * A2_size) + kC1; 
          A_val_arr[A2_pos3] = C_val_arr[C2_pos0]; 
        } 
      } 
      if (jB == j) B1_pos++; 
      if (jC == j) C1_pos = C1_end; 
    }

    while (B1_pos < B1_pos_arr[iB + 1]) { 
      int jB0 = B1_idx_arr[B1_pos]; 
      int A1_pos0 = (iB * A1_size) + jB0; 
      for (int B2_pos1 = B2_pos_arr[B1_pos];  
               B2_pos1 < B2_pos_arr[B1_pos + 1]; B2_pos1++) { 
        int kB2 = B2_idx_arr[B2_pos1]; 
        int A2_pos4 = (A1_pos0 * A2_size) + kB2; 
        A_val_arr[A2_pos4] = B_val_arr[B2_pos1]; 
      } 
      B1_pos++; 
    } 
    while (C1_pos < C0_end) { 
      int jC0 = C1_idx_arr[C1_pos]; 
      int A1_pos1 = (iB * A1_size) + jC0; 
      int C1_end0 = C1_pos + 1; 
      while ((C1_end0 < C0_end) && (C1_idx_arr[C1_end0] == jC0)) { 
        C1_end0++; 
      } 
      for (int C2_pos1 = C1_pos; C2_pos1 < C1_end0; C2_pos1++) { 
        int kC2 = C2_idx_arr[C2_pos1]; 
        int A2_pos5 = (A1_pos1 * A2_size) + kC2; 
        A_val_arr[A2_pos5] = C_val_arr[C2_pos1]; 
      } 
      C1_pos = C1_end0; 
    } 
  } else { 
    for (int B1_pos0 = B1_pos_arr[iB];  
             B1_pos0 < B1_pos_arr[iB + 1]; B1_pos0++) { 
      int jB1 = B1_idx_arr[B1_pos0]; 
      int A1_pos2 = (iB * A1_size) + jB1; 
      for (int B2_pos2 = B2_pos_arr[B1_pos0];  
               B2_pos2 < B2_pos_arr[B1_pos0 + 1]; B2_pos2++) { 
        int kB3 = B2_idx_arr[B2_pos2]; 
        int A2_pos6 = (A1_pos2 * A2_size) + kB3; 
        A_val_arr[A2_pos6] = B_val_arr[B2_pos2]; 
      } 
    } 
  } 
  if (iC == iB) C0_pos = C0_end; 
  iB++; 
} 
while (iB < B0_size) { 
  for (int B1_pos1 = B1_pos_arr[iB];  
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      int A2_pos7 = (A1_pos3 * A2_size) + kB4; 
      A_val_arr[A2_pos7] = B_val_arr[B2_pos3]; 
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}

Domain-Specific

Language 
Constructs

Compiler

Can we get abstractions without friction by moving the 
abstractions into the compiler?
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Algorithm

Language

Data Representation

Language

Scheduling

Language

Compiler

CPUs

DSAs
Most of HW retargeting is about changing

schedules and data representations

Separation of Algorithm, Data Representation, and 
Schedule

GPUs
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How do you develop new language and compiler 
abstractions

“Hitching our research to someone else’s driving problem,  
and solving those problems on the owners’ terms 
leads us to richer computer science research.” 
 — Fred Brooks

“Like other great software, great little languages are grown, not built. 
Start with a solid simple design, expressed in a notation like 
Backus-Naur form. Before implementing the language, test your 
design by describing a wide variety of objects in the proposed 
language. After the language is up and running, iterate designs to 
add new features as dictated by real use.” 
 — Jon Bentley (Little Languages)
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A process for developing DSLs

• Study applications to find patterns in their computations

• Best to work closely with application people

• Empirical at first: you must see many examples


• Then you generalize

• Deductively from examples to a natural coherent class

• Inductively from new examples and observed patterns

•Generalization must work for observed cases

•Generalization must work for something new


• Look for ways to build abstractions into the compiler

• Lets you separately describe different concerns

• E.g., describe data structures independently of program
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The assignment statement is the yon Neumann bottle- 
neck of programming languages and keeps us thinking 
in word-at-a-time terms in much the same way the 
computer's bottleneck does. 

Consider a typical program; at its center are a number 
of  assignment statements containing some subscripted 
variables. Each assignment statement produces a one- 
word result. The program must cause these statements to 
be executed many times, while altering subscript values, 
in order to make the desired overall change in the store, 
since it must be done one word at a time. The program- 
mer is thus concerned with the flow of words through 
the assignment bottleneck as he designs the nest of 
control statements to cause the necessary repetitions. 

Moreover, the assignment statement splits program- 
ming into two worlds. The first world comprises the right 
sides of assignment statements. This is an orderly world 
of expressions, a world that has useful algebraic proper- 
ties (except that those properties are often destroyed by 
side effects). It is the world in which most useful com- 
putation takes place. 

The second world of conventional programming lan- 
guages is the world of statements. The primary statement 
in that world is the assignment statement itself. All the 
other statements of the language exist in order to make 
it possible to perform a computation that must be based 
on this primitive construct: the assignment statement. 

This world of statements is a disorderly one, with few 
useful mathematical properties. Structured programming 
can be seen as a modest effort to introduce some order 
into this chaotic world, but it accomplishes little in 
attacking the fundamental problems created by the 
word-at-a-time von Neumann style of programming, 
with its primitive use of loops, subscripts, and branching 
flow of control. 

Our fixation on von Neumann languages has contin- 
ued the primacy of the yon Neumann computer, and our 
dependency on it has made non-von Neumann languages 
uneconomical and has limited their development. The 
absence of full scale, effective programming styles 
founded on non-von Neumann principles has deprived 
designers of  an intellectual foundation for new computer 
architectures. (For a brief discussion of  that topic, see 
Section 15.) 

Applicative computing systems' lack of storage and 
history sensitivity is the basic reason they have not 
provided a foundation for computer design. Moreover, 
most applicative systems employ the substitution opera- 
tion of  the lambda calculus as their basic operation. This 
operation is one of virtually unlimited power, but its 
complete and efficient realization presents great difficul- 
ties to the machine designer. Furthermore, in an effort 
to introduce storage and to improve their efficiency on 
von Neumann computers, applicative systems have 
tended to become engulfed in a large von Neumann 
system. For example, pure Lisp is often buried in large 
extensions with many von Neumann features. The re- 
sulting complex systems offer little guidance to the ma- 
chine designer. 
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5. Comparison of von Neumann and Functional 
Programs 

To get a more detailed picture of some of the defects 
of von Neumann languages, let us compare a conven- 
tional program for inner product with a functional one 
written in a simple language to be detailed further on. 

5.1 A von Neumann Program for Inner Product 

c ~ 0  
for i  .~ I step 1 until n do 

c .~ c + a[i]xb[i] 

Several properties of this program are worth noting: 
a) Its statements operate on an invisible "state" ac- 

cording to complex rules. 
b) It is not hierarchical. Except for the right side of 

the assignment statement, it does not construct complex 
entities from simpler ones. (Larger programs, however, 
often do.) 

c) It is dynamic and repetitive. One must mentally 
execute it to understand it. 

d) It computes word-at-a-time by repetition (of the 
assignment) and by modification (of variable i). 

e) Part of the data, n, is in the program; thus it lacks 
generality and works only for vectors of length n. 

f) It names its arguments; it can only be used for 
vectors a and b. To become general, it requires a proce- 
dure declaration. These involve complex issues (e.g., call- 
by-name versus call-by-value). 

g) Its "housekeeping" operations are represented by 
symbols in scattered places (in the for statement and the 
subscripts in the assignment). This makes it impossible 
to consolidate housekeeping operations, the most com- 
mon of all, into single, powerful, widely useful operators. 
Thus in programming those operations one must always 
start again at square one, writing "for i ~ . . . "  and 
"for j ~ . . . "  followed by assignment statements sprin- 
kled with i's and j's. 

5.2 A Functional Program for Inner Product 

Def Innerproduct 
--- (Insert +)o(ApplyToAll x)oTranspose 

Or, in abbreviated form: 

Def IP --- (/+)o(ax)oTrans. 

Composition (o), Insert (/), and ApplyToAll (a) are 
functional forms that combine existing functions to form 
new ones. Thus fog is the function obtained by applying 
first g and then f, and af is the function obtained by 
apply ingf  to every member of the argument. If  we write 
f :x  for the result of applying f to the object x, then we 
can explain each step in evaluating Innerproduct applied 
to the pair of vectors < <  1, 2, 3>, <6, 5, 4 > >  as follows: 

IP :<<  1,2,3>, <6,5 ,4>> = 
Definition of  IP ~ (/+)o(c~x)oTrans: < <  1,2,3>, <6 ,5 ,4>> 
Effect of  composition, o ~ ( /+):((ax):(Trans:  

< <  1,2,3>, <6,5,4>>))  
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Applying Transpose 
Effect of ApplyToAll, et 
Applying x 
Effect of Insert, / 
Applying + 
Applying + again 

(/+):((ax): < <  1,6>, <2,5>, <3,4>>) 
(/+): <x:  <1,6>, ×: <2,5>, x: <3,4>> 
(/+): <6,10,12> 
+: <6, +: <10,12>> 
+: <6,22> 
28 

Let us compare the properties of this program with 
those of the yon Neumann program. 

a) It operates only on its arguments. There are no 
hidden states or complex transition rules. There are only 
two kinds of rules, one for applying a function to its 
argument, the other for obtaining the function denoted 
by a functional form such as composition, fog, or 
ApplyToAll, of, when one knows the funct ionsf  and g, 
the parameters of the forms. 

b) It is hierarchical, being built from three simpler 
functions (+, x, Trans) and three functional forms fog, 
af, a n d / f  

c) It is static and nonrepetitive, in the sense that its 
structure is helpful in understanding it without mentally 
executing it. For example, if one understands the action 
of the forms fog and af, and of the functions x and 
Trans, then one understands the action of a x  and of 
(ax)oTrans, and so on. 

d) It operates on whole conceptual units, not words; 
it has three steps; no step is repeated. 

e) It incorporates no data; it is completely general; it 
works for any pair of conformable vectors. 

f) It does not name its arguments; it can be applied to 
any pair of vectors without any procedure declaration or 
complex substitution rules. 

g) It employs housekeeping forms and functions that 
are generally useful in many other programs; in fact, 
only + and × are not concerned with housekeeping. 
These forms and functions can combine with others to 
create higher level housekeeping operators. 

Section 14 sketches a kind of system designed to 
make the above functional style of programming avail- 
able in a history-sensitive system with a simple frame- 
work, but much work remains to be done before the 
above applicative style can become the basis for elegant 
and practical programming languages. For the present, 
the above comparison exhibits a number of serious flaws 
in von Neumann programming languages and can serve 
as a starting point in an effort to account for their present 
fat and flabby condition. 

6. Language Frameworks versus Changeable Parts 

Let us distinguish two parts of a programming lan- 
guage. First, its framework which gives the overall rules 
of the system, and second, its changeable parts, whose 
existence is anticipated by the framework but whose 
particular behavior is not specified by it. For example, 
the for statement, and almost all other statements, are 
part of  Algol's framework but library functions and user- 
defined procedures are changeable parts. Thus the 
framework of  a language describes its fixed features and 
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provides a general environment for its changeable fea- 
tures. 

Now suppose a language had a small framework 
which could accommodate a great variety of  powerful 
features entirely as changeable parts. Then such a flame- 
work could support many different features and styles 
without being changed itself. In contrast to this pleasant 
possibility, von Neumann languages always seem to have 
an immense framework and very limited changeable 
parts. What causes this to happen? The answer concerns 
two problems of von Neumann languages. 

The first problem results from the yon Neumann 
style of word-at-a-time programming, which requires 
that words flow back and forth to the state, just like the 
flow through the von Neumann bottleneck. Thus a v o n  
Neumann language must have a semantics closely cou- 
pled to the state, in which every detail of a computation 
changes the state. The consequence of this semantics 
closely coupled to states is that every detail of every 
feature must be built into the state and its transition 
rules. 

Thus every feature of avon  Neumann language must 
be spelled out in stupefying detail in its framework. 
Furthermore, many complex features are needed to prop 
up the basically weak word-at-a-time style. The result is 
the inevitable rigid and enormous framework of a v o n  
Neumann language. 

7. Changeable Parts and Combining Forms 

The second problem of von Neumann languages is 
that their changeable parts have so little expressive 
power. Their gargantuan size is eloquent proof of this; 
after all, if the designer knew that all those complicated 
features, which he now builds into the framework, could 
be added later on as changeable parts, he would not be 
so eager to build them into the framework. 

Perhaps the most important element in providing 
powerful changeable parts in a language is the availabil- 
ity of combining forms that can be generally used to 
build new procedures from old ones. Von Neumann 
languages provide only primitive combining forms, and 
the von Neumann framework presents obstacles to their 
full use. 

One obstacle to the use of combining forms is the 
split between the expression world and the statement 
world in von Neumann languages. Functional forms 
naturally belong to the world of expressions; but no 
matter how powerful they are they can only build expres- 
sions that produce a one-word result. And it is in the 
statement world that these one-word results must be 
combined into the overall result. Combining single words 
is not what we really should be thinking about, but it is 
a large part of programming any task in von Neumann 
languages. To help assemble the overall result from 
single words these languages provide some primitive 
combining forms in the statement world--the for, while, 
and if-then-else statements--but the split between the 
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