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Sparse Tensor Algebra Compilation

Tensor Index Notation Expression
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Tensor index notation for expressing functionality
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Tensor index notation for expressing functionality
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Tensor index notation for expressing functionality
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reduction over |

broadcast " over G
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Generates fast code for any tensor index notation
expression with the given formats and schedule

a = Bc
a= Bc+ a
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CPU
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Sparse Tensor Hardware

Cloud Computers
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Compound expressions matter for performance
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Compound expressions matter for performance

A= B! (CD)
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Formats matter for performance

Dense Matrix

Formats

Best performance

Dense
List of Rows
CSR
DCSR

X

Normalized time



Formats matter for performance

X

Thermal Matrix Formats Y

Best performance
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Formats matter for performance

Row-sliced Matrix

Formats

Best performance

List of Rows
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CSR

Dense

X

Normalized time



Formats matter for performance

Hypersparse Matrix

Formats

Best performance

DCSR
CSR
List of Rows

Dense

X

Normalized time



CSR vs COO
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Machines matter for performance

J
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Sparse data structures in graphs, tensors, and relations
encode coordinates in a sparse iteration space

Tensor (honzeros) Relation (rows) Graph (edges)
(Harry,CS) |
(0,1) (Sally,EE) (1.v5) (Va4,V3)
(2,3) (0.5) (George,CS) (Vs,Vs)
Mary,ME
(55)  (7.5) Riacs) oM wavs) VY

Values may be attached to these coordinates: e.g., nonzero values, edge attributes
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lteration spaces from coordinate relations
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lteration spaces from set operations
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lteration spaces from set operations
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lteration spaces from set operations
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lteration spaces from broadcast operations

o0 g0 0.9 .7 0.9 0.3 (0.3 0.3
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lteration spaces from broadcast operations

A

(1,2

0.0 (" 1
0,7
2.3/ (", 2

B Gy

.(0, 0 .(0, D
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15



lteration spaces from broadcast operations

A
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lteration spaces from broadcast operations
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lteration spaces from broadcast operations
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The universe of | consist of all
K#Bo! Cq coordinates, of which any data
structure stores a subset.



lteration spaces from broadcast operations

o) g0 ©9 ©.9 09 09 0.3 0.3
0.0 (", 1
1.2 0, = L N T FUUU PR AU
(2.3/(",2 IR 2.3 (2.9 19 129 123
J# U Co

A= By Bik ! Ck;
| #B1! U; = By

\

The universe of | consist of all
K#Bo! Cq coordinates, of which any data
structure stores a subset.



Coordinate relations ! coordinate trees (abstractly)

Matrix

106



Coordinate relations ! coordinate trees (abstractly)

Matrix Coordinate Relation

(I 1) & @ (I )) & b

J1 J2 3
i1|lalb o . (s, ]o) & €
B o (|3, 13) & | ( 2 12)
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Coordinate relations ! coordinate trees (abstractly)

Matrix Coordinate Relation Coordinate Tree
(I ]1) & @ (I, )) & b
j1 J2 I3 @ @ @
i1l alb o . (o ]o) & € **
ol e — (i &1 12 — (iv) (I2) (I2) (iv) (I2) (J3)
i3 9| h|i (13 ]1) & 0
(13, ]2) & h ajlbjef|'|[h|]
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Coordinate relations !

coordinate trees (concretely)

0 1 2 3
0| A B

1 C|D|E

2 F

A B C D E F

0o 1 2 3 4 5 6 7 8 9 10 11
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Coordinate relations !

coordinate trees (concretely)
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Coordinate relations ! coordinate trees (concretely)

0 1
0| A
row(3) = 7?77 -
1
col(3) = ?77?
2
A B C E F

17



Coordinate relations ! coordinate trees (concretely)

Coordinate 0 1

rows O/ 0 1|1 1 2

cos | O 21 23 3




Coordinate relations !

rTOWS

cols

Coordinate

111

coordinate trees (concretely)
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Coordinate relations ! coordinate trees (concretely)

Coordinate  pyplicates 0 1

/

rows O/ O0O1 1|1 1]2

cos | O 21 23 3




Coordinate relations ! coordinate trees (concretely)

Compressed Sparse Rows (CSR) 0 1

0 1 2 3

pos 0| 2 5 | 6

1 C
cols|JO 2L|1 2 3|3\ :




L evel-based representation: compiler abstraction

@ path

® /
Ievel/ @ q:a m q:a @




Level abstraction: capabillities and properties

Capabilities Properties
AEE® @6 a
- full not full
|terate |00kUp Nt m m @ @ @ @
branchless not branchles:
@ (i2) @

2@1***** POO OO
chicer ordered not ordered
DIOENOIOIO

unique
e (2) G5 (v () *
compact not compact
(1) (12 (i) (g
not unique

The code generator sees only the level abstraction and not specific level types

19



Level types: dense and compressed

locate(p k11, 1 1, .. | k):

Dense |locate capability: return <peq * Ne + iy, true >

20



Level types: dense and compressed
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Level types: dense and compressed

locate(p k11, 1 1, .. | k):

Dense |locate capability: return <peq * Ne + iy, true >

pos_bounds(p 1):

Compressed iterate capability return <pos[py 11, POS[P ki1 + 1]>
for (int 1= 0O;i<m;i++){
for ( int pA=A_pos[i]; pA <A _pos[i+ 1]; pA++) {
y — AX int ] =A_crd[pA];
}Y[i] += AlpA] * x[If
}

pos _access(p¢, | 1, ..

return <crd[p ],

5 k1)
true >
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Level types: dense and compressed
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Level types: dense and compressed

locate(p k11, 1 1, .. | k):

Dense |locate capability: return <peq * Ne + iy, true >

, o pos_ bounds(p 1):
Compressed iterate capability return <pos[pyy 1], POS[p k11 + 1]>

for (int 1= 0O;i<m;i++){

for ( int pA=A _posli]; pA<

y — AX int ] =A_crd[pA];
}y[i] += A[pA] * x[I];
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pos _access(p¢, | 1, ..
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Level types: dense and compressed

locate(p k11, 1 1, .. | k):

Dense |locate capability: return <peq * Ne + iy, true >

pos_bounds(p 1):

Compressed iterate capability return <pos[py 11, POS[P ki1 + 1]>
for (int 1= 0O;i<m;i++){
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Level types: dense and compressed

locate(p k11, 1 1, .. | k):

Dense |locate capability: return <peq * Ne + iy, true >

pos_ bounds(p) 1):

Compressed iterate capability return <pos[py: 1], POS[p k11 + 1]>
for (int i= 0;i<m;i++){
for ( int pA=A_pos[i]; pA < A _pos[i+ 1]; pA++) {
y — AX int ] =A_crd[pA];

}Y[i] += AlpA] * x[];
} \

Dense locate

pos _access(p¢, | 1, ..

return <crd[p k],

N\

Compressed iterate

5 k1)
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Level types can be composed in many ways

Dense Compressed

Singleton
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Level types can be composed in many ways

Dense Compressed

Singleton

Dense | 3
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Level types can be composed in many ways

Dense

Dense

Compressed

Compressed

Singleton
1 2

B

C D
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Level types can be composed in many ways

Dense

CSR

Compressed

Singleton
1 2
B

C D
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Level types can be composed in many ways

Dense Compressed

Singleton
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Level types can be composed in many ways

Dense Compressed Singleton
0 6 1 2

Compressed
00111 2 0 B
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Level types can be composed in many ways

Dense

Compressed

Singleton

Compressed

Singleton
1 2

B
C D
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Level types can be composed in many ways

Dense

Coordinates

Compressed

Singleton
1 2
B

C D
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Level types can be composed in many ways

Dense Compressed

Singleton
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Level types can be composed in many ways

| evel Dense  Compressed Singleton
formats
Coordinate matrix CSR
Compressed Dense
Singleton Compressed
Tinney and Walker, 1967

Tensor
formats



Level types can be composed in many ways

Tensor
formats

| evel Dense  Compressed Singleton
formats
Coordinate matrix CSR Dense array tensor Coordinate tensor
Compressed Dense Dense Compressed
Singleton Compressed Dense Singleton
Tinney and Walker, 1967 Dense Singleton
Mode-generic tensor
Compressed
Singleton
Dense
Dense

[Baskaran et al. 2012]
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Level types can be composed in many ways

Tensor
formats

| evel Dense  Compressed Singleton
formats
Coordinate matrix CSR Dense array tensor Coordinate tensor
Compressed Dense Dense Compressed
Singleton Compressed Dense Singleton
Tinney and Walker, 1967 Dense Singleton
Mode-generic tensor BCSR CSB ELLPACK
Compressed Dense Dense Dense
Singleton Compressed Dense Dense
Dense Dense Compressed Singleton
Dense Dense Singleton [Kincaid et al. 1989]

[Baskaran et al. 2012]

[Im and Yelick 1998]

[Bulug et al. 2009]
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Level types can be composed in many ways

Tensor
formats

| evel Dense  Compressed Singleton
formats Hashed Range Offset
Coordinate matrix CSR Dense array tensor Coordinate tensor
Compressed Dense Dense Compressed
Singleton Compressed Dense Singleton
Tinney and Walker, 1967 Dense Singleton
Mode-generic tensor BCSR CSB ELLPACK
Compressed Dense Dense Dense
Singleton Compressed Dense Dense
Dense Dense Compressed Singleton
Dense Dense Singleton [Kincaid et al. 1989]

[Baskaran et al. 2012]

[Im and Yelick 1998]

[Bulug et al. 2009]
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Level types can be composed in many ways

| evel Dense  Compressed Singleton
formats Hashed Range Offset
Coordinate matrix CSR Dense array tensor Coordinate tensor
Compressed Dense Dense Compressed
Singleton Compressed Dense Singleton
Tinney and Walker, 1967 Dense Singleton
Mode-generic tensor BCSR CSB ELLPACK
Compressed Dense Dense Dense
Singleton Compressed Dense Dense
Tensor Dense Dense Compressed Singleton
formats Dense Dense Singleton [Kincaid et al. 1989]
[Baskaran et al. 2012] [Im and Yelick 1998] [Buluc et al. 2009]
Block DIA
Hash map vector Hash map matrix DIA Dense
Hashed ashed Dense Range
[Patwary et al. 2015] ashed Range Offset
Offset Dense
[Saad 2003} Dense
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lteration graphs express iteration spaces and data
structure ordering

0 Coordinate Tree

2
lteration Space @
i o

3040 50 10|70 80 20 60




lteration graphs express iteration spaces and data
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lteration graphs express iteration spaces and data
structure ordering

Coordinate Tree lteration Graph

5 o

\ 4
1

lteration Space

GOBG000 o
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lteration graphs express iteration spaces and data
structure ordering

Coordinate Tree lteration Graph

2
63 data structure ﬂ

iteration order
Y creates dependency
1 between i, j, and k

@\_I coordinates ﬂ
GOBG000 o

30 40 50 10 70 80 20 60 i KkBijk

lteration Space

& o 4...@_0 «is) Lo




Sparse iteration spaces and lteration Graphs

Aij =  Bijk ! &
k
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Sparse iteration spaces and lteration Graphs

Aij — Bijk I Ck
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Sparse iteration spaces and lteration Graphs
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Sparse iteration spaces and lteration Graphs

Aij — Bijk I Ck
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Sparse iteration spaces and lteration Graphs

Aij — Bijk I Ck

>
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Sparse iteration spaces and lteration Graphs

Aij — Bijk I Ck

Biik Ck
B0 /oas0 | [ifofsfo

JAoTfor o'oY |/ faN oy fsT oY
0 80 20 60 faforfsiie]

K K
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Sparse iteration spaces and lteration Graphs

Aij — Bijk I Ck

>

Dense
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Sparse iteration spaces and lteration Graphs

A j — B ik ' Uk
K
Biik Ck
. 30 40 50 N N
[ N N
NN N N .
| iy i
I /N B
K K K

Sparse Dense



Sparse iteration spaces and lteration Graphs

Bljk
www
L] B,

i//////// 0

.
_mmm

Sparse

Aij —

Bijk Ok

>

Dense
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Sparse iteration spaces and lteration Graphs

Bljk
www
L] B,

i//////// 0

.
_mmm

Sparse

Aij —

Bijk Ok

.

J
[0 fov 6oy o

Dense
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Sparse iteration spaces and lteration Graphs

Aij — Bijk I Ck

Sparse

J
[0 fov 6oy o

Dense
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Sparse iteration spaces and lteration Graphs

Bijk * Ck
. By B

[

.////////
.

U
/ [ /.D

Sparse

B3l

Aij —

Intersection

Bijk Ok

J
[0 fov 6oy o

Dense
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teration graph examples |

BZ; % ;Cz |
bl\! /cl B3; % ;Cs B2 o !CZ D2 B2, A,

0

"ibi! G "i"i"k Bijk $ Cijk "i"i (Bij $Cij)! Dijj "i"i Bij ! ¢

| #b1! ¢ | #B1 $Cq | #(B1$C)! Dq | #B1 ! U;
j#B2$Co j#(B2$Cy)! Do j#Bx! 1
k #B3$ C3

B2 !lCl Bll$ d1
bll C2 B21) A4
il $Db "i"k"j Bik ! Cyj "Mk Bk P Ckj b Dy "i("j Bij ! cj)$di
| # Ui ! by | #B1 ! U; | #B1! U; ! U; | # (B! Uj)$dy
k#By! Cq K#By! Ci! Uy j #Bx! ¢
j#U; 1 C | #Bs! Uy ! Dy

J#U; ! Col Do



lteration graphs are lowered to sparse code

Aj = Bijk C«
K
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for ( int @ O;1<m;i++) {
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lteration graphs are lowered to sparse code

Aj = Bijk C«
K

for (int (=) 0;i<m;i++){

for (int pB2=B2 pos]i]; pB2 < B2_pos]i+
Int @BZ_crd[pBZ];

1]; pB2++) {
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lteration graphs are lowered to sparse code

Aj = Bijk C«
K

for (int (=) 0;i<m;i++){

for (int pB2=B2 pos]i]; pB2 < B2_pos]i+
Int @BZ_crd[pBZ];

Key operation Is to coiterate
over data structures

1]; pB2++) {
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lteration graphs are lowered to sparse code

Key operation Is to coiterate
over data structures

Aj = | Bijk C«

for (int (=) 0;i<m;i++){

for (int pB2=B2 pos]i]; pB2 < B2_pos]i+

Int @BZ_crd[pBZ];

iInt  pA2 =i1*n + ;
int pB3 =B3_pos[pB2];
int pcl=cl pos| 0J;
while  (pB3 < B3 pos[p82+
int kB = B3 _crd[pB3];
int kc =cl_crd[pcl];
int k2 min(kB, ke);
i (kB == && ke == K) {
A[pA2] += B[pB3] * c[pcl];

it (kB == k) pB3++;
I (kc == Kk) pcl++;

1] &&pcl <cl pos|

1]; pB2++) {

1D 1

Intersection coiteration
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Data structure coiteration
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Data structure coiteration
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lteration lattice for multiplications

a = bG
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lteration lattice for multiplications

a = bG

N\

Multiplication requires intersection

b$C
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lteration lattice for multiplications

a = bG

D, C
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lteration lattice for multiplications

a = bG

D C b ¢
)
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lteration lattice for multiplications

d; —

b G

D, C
b C

int pbl=Dbl pos[ O],

Int  pcl =cl pos| 0];

while  (pb1 < bl _pos|
iInt ib =bl crd[pbl];
int ic =cl_crd[pcl];
iInt i =min(ib, ic);

it (ib==1) pbl++;
it (ic==1) pcl++,;
}

1] &&pcl <cl pos|

DA
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lteration lattice for multiplications

d; —

b G

D, C
b C

int  pbl =Dbl pos|
Int  pcl =cl pos|

OJ;
0J;

while  (pb1 < bl _pos| 1] &&pcl <cl pos|
iInt ib =bl crd[pbl];

int ic=cl_crd|

pcl];

iInt i =min(ib, ic);

it (ib==i

&&ic ==1i){

a[i] = b[pb1] * c[pcl];

}

it (ib==1) pbl++;
it (ic==1) pcl++,;

}

DA
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lteration lattice for multiplications

d; —

b G

D, C
b C

int  pbl =Dbl pos|
Int  pcl =cl pos|

OJ;
0J;

while  (pb1 < bl _pos| 1] &&pcl <cl pos|
iInt ib =bl crd[pbl];

int ic=cl_crd|

pcl];

iInt i =min(ib, ic);

it (ib==i

&&ic ==1i){

a[i] = b[pb1] * c[pcl];

}

it (ib==1) pbl++;
it (ic==1) pcl++,;

}

DA

29



lteration lattice for additions

a = b+ G
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lteration lattice for additions

a = b+ G

N\

Addition requires union
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lteration lattice for additions

a = b+ G
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lteration lattice for additions

a = b+ G

b%c= (b$% c) %b %c
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lteration lattice for additions

int pbl=Dbl pos[ O]

int  pcl =cl pos| 0J;

while  (pb1 < bl pos|
int ib =bl crd[pbl];
iInt ic =cl_crd[pcl];
iInt i =min(ib, ic);

it (ib==1) pbl++;
it (ic ==1) pcl++;
}

1] &&pcl <cl pos|

DA
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lteration lattice for additions

int pbl=Dbl pos[ O],

int  pcl =cl pos| 0J;

while  (pbl < bl _pos| 1] &&pcl <cl pos|
int ib =bl crd[pbl];
int ic =cl_crd[pcl];
iInt i =min(ib, ic);
if (ib==i &&ic ==1){
all] = b[pb1] + c[pcl];

}

it (ib==1) pbl++;
it (ic ==1) pcl++;
}

DA
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lteration lattice for additions

int pbl=Dbl pos[ O],
int  pcl =cl pos| 0J;
while  (pbl < bl _pos| 1] &&pcl <cl pos|
int ib =bl crd[pbl];
int ic =cl_crd[pcl];
iInt i =min(ib, ic);
if (ib==i &&ic ==1){
all] = b[pb1] + c[pcl];
}
else if (ib==1){
all] = b[pb1];
}

it (ib==1) pbl++;
it (ic ==1) pcl++;
}

DA
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lteration lattice for additions

int pbl=Dbl pos[ O],

int  pcl =cl pos| 0J;

while  (pbl < bl _pos| 1] &&pcl <cl pos|
int ib =bl crd[pbl];
int ic =cl_crd[pcl];

int 1 =min(ib, ic);
it (b==i &&ic ==1){
a[i] = b[pb1] + c[pc1];
}
else if (ib==1){
a[i] = b[pb1];
}
else {
a[i] = c[pcl];
}

it (ib==1) pbl++;
it (ic ==1) pcl++;
}

DA
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lteration lattice for additions

int pbl=Dbl pos[ O],

int  pcl =cl pos| 0J;

while  (pb1l < bl _pos| 1] &&pcl <cl pos|
int ib =bl crd[pbl];
int ic =cl_crd[pcl];

int 1 =min(ib, ic);
it (b==i &&ic ==1){
a[i] = b[pb1] + c[pc1];
}
else if (ib==1){
a[i] = b[pb1];
}
else {
a[i] = c[pcl];
}

it (ib==1) pbl++;
it (ic ==1) pcl++;
}

DA
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lteration lattice for additions

int pbl=Dbl pos[ O]

int  pcl =cl pos| 0J;

while  (pb1 < bl pos|
int ib =bl crd[pbl];
iInt ic =cl_crd[pcl];

1] &&pcl <cl pos|

int 1 =min(ib, ic);
it (b==i &&ic ==1){
a[i] = b[pb1] + c[pc1];
}
else if (ib==1){
a[i] = b[pb1];
}
else {
a[i] = c[pcl];
}

it (ib==1) pbl++;
it (ic ==1) pcl++;
}

while (pbl < bl _pos[1]){
int i=bl crd[pbil];
a[i] = b[pb1++];
}

DA
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lteration lattice for additions

int pbl=Dbl pos[ O]

int  pcl =cl pos| 0J;

while  (pbl < bl _pos| 1] &&pcl <cl pos| 1A
int ib =bl crd[pbl];
iInt ic =cl_crd[pcl];

int 1 =min(ib, ic);
b C if (ib==i &&ic ==i) {
afi] = b[pb1] + c[pcl];
}
else if (ib==1i){
C b ali] = blpb1];
}

else {
b C b C }a[i] = clpei];
it (ib == i) pb1++:

it (ic ==1) pcl++;
}

while (pbl < bl _pos[1]){
int i=bl crd[pbil];
) a[i] = b[pb1++];
}

while  (pcl < c1_pos[1]) {
int 1=cl _crd[pcl];
a[i] = c[pcl++];

}



lteration lattice for a compound expression

a = b+¢qG+d

b, C,d
b C d
b C
c.d b, d b, C
C b d b d
d C b
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lteration lattice for a compound expression

= b +qG+d

int pbl=bl _pos[ O]

int pcl=cl_pos[ 0];

int pdl=dl_pos[ O]

while  (pbl < bl_pos| 1] &&pcl <cl_pos|
int ib=bl_crd[pbl];
int ic=cl_crd[pcl];
int id =d1_crd[pdl];
int i=min(b, ic, id);
if (b==i &&ic == &&id ==i){
afi] = b[pb1] + c[pcl] + d[pd1];

elseif  (b==i &&id ==1) {
ali] = b[pb1] + d[pd1];
}

elseif  (ic==i &&id ==1i){
afi] = c[pcl] + d[pd1];

elseif  (b==i &&ic==1i){
afi] = b[pb1] + c[pcl];

elseif  (b==i){
ali] = b[pb1];
}

else if (ic==1i){
ali] = c[pc1];
}

else {
a[i] = d[pd1];
}

if (ib==1i) pbl++;
if (ic==1i) pcl++;
if (id ==1i) pd1++;

1] &&pdl<dl_pos|

1 {

while  (pcl < cl_pos[ 1] &&pdl < dil_pos|

}

int ic=cl_crd[pcl];

int id =d1_crd[pd1];

int i=min(ic, id);

if (ic==i &&id ==) {
a[i] = c[pcl] + d[pd1];

else if (ic==i){
a[i] = c[pc1y;

else {
a[i] = d[pd1];

if (ic==i) pcl++;
if (id ==1i) pdl++;

while  (pbl < b1_pos[ 1] &&pdl <di_pos|

}

int ib=Dbl_crd[pb1];

int id =d1_crd[pd1];

int i =min(ib, id);

if (b==i &&id ==1) {
ali] = b[pb1] + d[pd1];

elseif  (b==i){
a[i] = b[pb1];

else {

afi] = d[pd1];
}

it (ib==1i) pbl++;
it (id == i) pd1++;

while  (pbl < bl_pos[ 1] &&pcl < cl_pos|

}

int ib=Dbl_crd[pbl];

int ic=cl_crd[pcl];

int i=min(ib, ic);

if (b==i &&ic ==1i) {
a[i] = b[pb1] + c[pcl];

elseif  (b==i){

a[i] = b[pb1];
}

else {
ali] = c[pcl];

it (ib==1) pbl++;
if (ic==1) pcl++;

while (pdl1 < d1_pos[ 1 {
int id =d1_crd[pd1];
a[id] = d[pd1];
pdl++;
}

while  (pcl < ¢1_pos[ 1 {
int ic=cl_crd[pcl];
alic] = c[pcl];
pcl++;

}

while (pbl < bl_pos[ 1 {
int ib=Db1_crd[pb1];
a[ib] = b[pb1];
pbl++;
}

A

A

A
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lteration lattice for a compound expression

= b +qG+d

Dense

int pbl=bl _pos[ O]

int pcl=cl_pos[ 0];

int pdl=dl_pos[ O]

while  (pbl < bl_pos| 1] &&pcl <cl_pos|
int ib=bl_crd[pbl];
int ic=cl_crd[pcl];
int id =d1_crd[pdl];
int i=min(b, ic, id);
if (b==i &&ic == &&id ==i){
afi] = b[pb1] + c[pcl] + d[pd1];

elseif  (b==i &&id ==1) {
ali] = b[pb1] + d[pd1];
}

elseif  (ic==i &&id ==1i){
afi] = c[pcl] + d[pd1];

elseif  (b==i &&ic==1i){
afi] = b[pb1] + c[pcl];

elseif  (b==i){
ali] = b[pb1];
}

else if (ic==1i){
ali] = c[pc1];
}

else {
a[i] = d[pd1];
}

if (ib==1i) pbl++;
if (ic==1i) pcl++;
if (id ==1i) pd1++;

1] &&pdl<dl_pos|

1 {

while  (pcl < cl_pos[ 1] &&pdl < dil_pos|

}

int ic=cl_crd[pcl];

int id =d1_crd[pd1];

int i=min(ic, id);

if (ic==i &&id ==) {
a[i] = c[pcl] + d[pd1];

else if (ic==i){
a[i] = c[pc1y;

else {
a[i] = d[pd1];

if (ic==i) pcl++;
if (id ==1i) pdl++;

while  (pbl < b1_pos[ 1] &&pdl <di_pos|

}

int ib=Dbl_crd[pb1];

int id =d1_crd[pd1];

int i =min(ib, id);

if (b==i &&id ==1) {
ali] = b[pb1] + d[pd1];

elseif  (b==i){
a[i] = b[pb1];

else {

afi] = d[pd1];
}

it (ib==1i) pbl++;
it (id == i) pd1++;

while  (pbl < bl_pos[ 1] &&pcl < cl_pos|

}

int ib=Dbl_crd[pbl];

int ic=cl_crd[pcl];

int i=min(ib, ic);

if (b==i &&ic ==1i) {
a[i] = b[pb1] + c[pcl];

elseif  (b==i){

a[i] = b[pb1];
}

else {
ali] = c[pcl];

it (ib==1) pbl++;
if (ic==1) pcl++;

while (pdl1 < d1_pos[ 1 {
int id =d1_crd[pd1];
a[id] = d[pd1];
pdl++;
}

while  (pcl < ¢1_pos[ 1 {
int ic=cl_crd[pcl];
alic] = c[pcl];
pcl++;

}

while (pbl < bl_pos[ 1 {
int ib=Db1_crd[pb1];
a[ib] = b[pb1];
pbl++;
}

A

A

A
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lteration lattice for a compound expression

Dense
a=h+c+d“

int  pbl=Dbl_pos[O]; while  (pcl < cl_pos[1]) {
int  pcl =cl_pos[0]; int ic=cl_crd[pcl];
int id=0; int pdl=id;
while  (pb1 <bl_pos[1] &&pcl <cl_pos[1]){ int pal =id;
int ib =bl_crd[pb1]; if (ic==id){
int ic=cl_crd[pcl]; a[pal] = c[pcl] + d[pd1];
, , int  pdl=id; }
int pal =id; else {
if (b==id &&ic ==id) { a[pal] = d[pd1];

a[pal] = b[pb1] + c[pcl] + d[pdi]; G id) pel
if (ic==id) pcl++,

elseif  (ib==id){ id++;

C a[pal] = b[pb1] + d[pd1]; }
}
elseif  (ic==id) {

a[pal] = c[pcl] + d[pd1];
}

else { while  (pbl1 < bl_pos[1]) {
a[pal] = d[pd1]; int ibdz b;acrd[pbl];
int pdl=id;

}
d b d it (ib==1id) pbl++; int pal =id;
C if (ic ==id) pcl++; if (ib ==id) {
id++; afpal] = b[pb1] + d[pd1];
} }
, , else {

a[pal] = d[pd1];
C b |

[d] d d d

if (ib==id) pbl++;
id++;

while (id < d1_dimension) {
int pdl=id;
int pal =id;
afpal] = d[pd1];
id++;

}
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lteration lattice for a compound expression

a = (b + ¢)d
b,C d
b ¢ b C
c,d b, d
d  bd

C

d )
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d; —

c,d

lteration lattice for a compound expression

(b + c)d

b, C,d

C

b, d
d bd

int  pbl=bl pos[ O];
int  pcl=cl_pos| 0];
int pdl=dl pos[ O]
while  (pbl < bl pos[1]
int ib =bl_crd[pbl];
int ic =cl_crd[pcl];
int id =d1_crd[pdl];
int 1 =min(b, ic, id);

&&pcl < cl _pos|

if (b==i &&ic == &&id ==1) {
}a[i] = (b[pb1] + c[pc1]) * d[pd1];

elseif  (b==i &&id ==1) {

ali] = b[pb1] * d[pd1];
}

else if (ic==i &&id ==1) {

ali] = c[pcl] * d[pd1];
}

it (ib==1i) pbl++
it (ic == i) pcl++;
it (id == i) pdl++;
}

while (pcl <cl_pos| 1] &&pdl <dl_pos|
int ic =cl_crd[pcl];
int id =d1_crd[pd1l];
int i =min(ic, id);
if (ic==i &&id ==1) {
ali] = c[pcl] * d[pd1];

}

it (ic==1) pcl++;
if (id ==1) pd1++;

}

while  (pbl < bl pos| 1] &&pdl <dl _pos|
{
int ib=bl_crd[pbil];
int id =d1_crd[pdi];
int i =min(b, id);
a[i] = b[pb1] * d[pd1];
}
it (ib==1i) pbl++;
it (id ==1i) pd1++;
}

1] &&pdl <dl _pos|

DA

1)

DA
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c,d

lteration lattice for a compound expression

(b + c)d

b, C,d

C

b, d
d bd

Dense

int  pbl=bl pos[ O];
int  pcl=cl_pos| 0];
int pdl=dl pos[ O]
while  (pbl < bl pos[1]
int ib =bl_crd[pbl];
int ic =cl_crd[pcl];
int id =d1_crd[pdl];
int 1 =min(b, ic, id);

&&pcl < cl _pos|

if (b==i &&ic == &&id ==1) {
}a[i] = (b[pb1] + c[pc1]) * d[pd1];

elseif  (b==i &&id ==1) {

ali] = b[pb1] * d[pd1];
}

else if (ic==i &&id ==1) {

ali] = c[pcl] * d[pd1];
}

it (ib==1i) pbl++
it (ic == i) pcl++;
it (id == i) pdl++;
}

while (pcl <cl_pos| 1] &&pdl <dl_pos|
int ic =cl_crd[pcl];
int id =d1_crd[pd1l];
int i =min(ic, id);
if (ic==i &&id ==1) {
ali] = c[pcl] * d[pd1];

}

it (ic==1) pcl++;
if (id ==1) pd1++;

}

while  (pbl < bl pos| 1] &&pdl <dl _pos|
{
int ib=bl_crd[pbil];
int id =d1_crd[pdi];
int i =min(b, id);
a[i] = b[pb1] * d[pd1];
}
it (ib==1i) pbl++;
it (id ==1i) pd1++;
}

1] &&pdl <dl _pos|

DA

1)

DA
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c,d

lteration lattice for a compound expression

(b + c)d

b, C,d

C

b, d
d bd

Dense

int  pbl=bl pos[ O];
int  pcl=cl_pos| 0];
int pdl=dl pos[ O]
while  (pbl < bl pos[1]
int ib =bl_crd[pbl];
int ic =cl_crd[pcl];
int id =d1_crd[pdl];
int 1 =min(b, ic, id);

&&pcl < cl _pos|

if (b==i &&ic == &&id ==1) {
}a[i] = (b[pb1] + c[pc1]) * d[pd1];

elseif  (b==i &&id ==1) {

ali] = b[pb1] * d[pd1];
}

else if (ic==i &&id ==1) {

ali] = c[pcl] * d[pd1];
}

it (ib==1i) pbl++
it (ic == i) pcl++;
it (id == i) pdl++;
}

while (pcl <cl_pos| 1] &&pdl <dl_pos|
int ic =cl_crd[pcl];
int id =d1_crd[pd1l];
int i =min(ic, id);
if (ic==i &&id ==1) {
ali] = c[pcl] * d[pd1];

}

it (ic==1) pcl++;
if (id ==1) pd1++;

}

while  (pbl < bl pos| 1] &&pdl <dl _pos|
{
int ib=bl_crd[pbil];
int id =d1_crd[pdi];
int i =min(b, id);
a[i] = b[pb1] * d[pd1];
}
it (ib==1i) pbl++;
it (id ==1i) pd1++;
}

1] &&pdl <dl _pos|

DA

1)

DA
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lteration lattice for a compound expression

ad

(b + c)d

Dense

int  pbl=bl pos[ O];
int  pcl=cl_pos| 0];
int pdl=dl pos[ O]
while  (pbl < bl pos[1]
int ib =bl_crd[pbl];
int ic =cl_crd[pcl];
int id =d1_crd[pdl];
int i =min(ib, ic, id);

&&pcl < cl_pos|

if (b==i &&ic == &&id ==1) {
}a[i] = (b[pb1] + c[pc1]) * d[pd1];

elseif  (b==i &&id ==1) {

ali] = b[pb1] * d[pd1];
}

else if (ic==i &&id ==1) {

ali] = c[pcl] * d[pd1];
}

it (ib==1i) pbl++
it (ic == i) pcl++;
it (id ==1i) pd1++;
}

while (pcl < cl_pos|
int ic =cl_crd[pcl];
int id =d1_crd[pd1l];
int i =min(ic, id);
if (ic==i &&id ==1) {
ali] = c[pcl] * d[pd1];

}

it (ic ==1) pcl++;
it (id ==1i) pd1++;

}

while  (pbl < bl pos| 1] &&pdl <dl _pos|
{
int ib=bl_crd[pbil];
int id =d1_crd[pdi];
int i =min(b, id);
a[i] = b[pb1] * d[pd1];
}
it (ib==1i) pbl++;
it (id ==1i) pd1++;
}

1] &&pdl <dl_pos|

1] &&pdl <dl _pos|

DA

1)

DA
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lteration lattice for a compound expression

ad

(b + c)d

iterators

b,c d

C

Dense

int  pbl=bl pos[ O];
int  pcl=cl_pos| 0];
int pdl=dl pos[ O]
while  (pbl < bl pos[1]
int ib =bl_crd[pbl];
int ic =cl_crd[pcl];
int id =d1_crd[pdl];
int i =min(ib, ic, id);

&&pcl < cl_pos|

if (b==i &&ic == &&id ==1) {
}a[i] = (b[pb1] + c[pc1]) * d[pd1];

elseif  (b==i &&id ==1) {

ali] = b[pb1] * d[pd1];
}

else if (ic==i &&id ==1) {

ali] = c[pcl] * d[pd1];
}

it (ib==1i) pbl++
it (ic == i) pcl++;
it (id ==1i) pd1++;
}

while (pcl < cl_pos|
int ic =cl_crd[pcl];
int id =d1_crd[pd1l];
int i =min(ic, id);
if (ic==i &&id ==1) {
ali] = c[pcl] * d[pd1];

}

it (ic ==1) pcl++;
it (id ==1i) pd1++;

}

while  (pbl < bl pos| 1] &&pdl <dl _pos|
{
int ib=bl_crd[pbil];
int id =d1_crd[pdi];
int i =min(b, id);
a[i] = b[pb1] * d[pd1];
}
it (ib==1i) pbl++;
it (id ==1i) pd1++;
}

1] &&pdl <dl_pos|

1] &&pdl <dl _pos|

DA

1)

DA
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lteration lattice for a compound expression

ad

(b + c)di<

iterators locators

b,c d

C

Dense

int  pbl=bl pos[ O];
int  pcl=cl_pos| 0];
int pdl=dl pos[ O]
while  (pbl < bl pos[1]
int ib =bl_crd[pbl];
int ic =cl_crd[pcl];
int id =d1_crd[pdl];
int i =min(ib, ic, id);

&&pcl < cl_pos|

if (b==i &&ic == &&id ==1) {
}a[i] = (b[pb1] + c[pc1]) * d[pd1];

elseif  (b==i &&id ==1) {

ali] = b[pb1] * d[pd1];
}

else if (ic==i &&id ==1) {

ali] = c[pcl] * d[pd1];
}

it (ib==1i) pbl++
it (ic ==1i) pcl++;
it (id ==1i) pd1++;
}

while (pcl < cl_pos|
int ic =cl_crd[pcl];
int id =d1_crd[pd1l];
int i =min(ic, id);
if (ic==i &&id ==1) {
ali] = c[pcl] * d[pd1];

}

it (ic ==1) pcl++;
it (id ==1i) pd1++;

}

while  (pbl < bl pos|

{
int ib=bl_crd[pbil];
int id =d1_crd[pdi];
int i =min(b, id);
a[fi] = b[pb1] * d[pd1];

}

it (ib==1i) pbl++;
it (id ==i) pd1++;

}

1] &&pdl <dl_pos|

1] &&pdl <dl_pos|

1] &&pdl <dl _pos|

DA

1)

DA
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lteration lattice for a compound expression

Dense

a = (b + ¢)d

int pbl=Dbl pos[ O]
int  pcl=cl_pos| 0J;
while  (pbl < bl pos| 1] && pcl < cl _pos|

iterators locators it ib=b1_crdpbil;

int ic =cl_crd[pcl];
int i =min(ib, ic);

if (b==i&&ic==1i){
b C d }a[i] = (b[pb1] + c[pc1]) * d[il;
b C ) | else if (b==1i){

a[i] = b[pb1] * d[i];
}

b d else if (ic==i){
C }a[i] = c[pc1] * d[i];

it (ib==1) pbl++;
it (ic==1) pcl++;

}
C d b d while  (pbl<bl_pos] 1]{
int i=bl_crd[pbil];

a[i] = bpb1] * d[il;

pbl++;
d bd }
while (pcl<cl_pos]  1]){
C int i=cl_crd[pcl];

a[i] = c[pc1] * dfi];

pcl++;
d ) |

DA
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lteration lattice construction

Bottom-up construction from set expression:
create and merge iteration lattices
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lteration lattice construction

Bottom-up construction from set expression:
create and merge iteration lattices

Base cases:
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lteration lattice construction

(o)
()

b has an iterator

Bottom-up construction from set expression:
create and merge iteration lattices

Base cases:
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lteration lattice construction

Bottom-up construction from set expression:
create and merge iteration lattices

(o)
()

b has an iterator

Base cases:

D
U

()

b does not have an iterator,
but supports locate
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lteration lattice construction

Bottom-up construction from set expression:
create and merge iteration lattices

(o)
()

b has an iterator

Base cases:
aD (V)
) ()

b does not have an iterator, b Is the set universe

but supports locate
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lteration lattice construction

Base cases:
(b ) (Uib) CUU )
) ) )

b has an iterator b does not have an iterator, b is the set universe
but supports locate

Lattice point merging:

(o), (a0 — Goss

Lattice points are merged by
taking the union of their iterator
and locator sets respectively

Bottom-up construction from set expression:
create and merge iteration lattices
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lteration lattice construction

Intersection

The intersection of two lattices is computed by merging the lattice point pairs in
the Cartesian combination of their lattice points.
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lteration lattice construction

Union

o

(be ) (de ) (bcd b.ce ) (bde) (cde)

)« <bc:@d <b cd> ai{m)
™~ - e

P EDIEDIED
\ 7

ANV

The union of two lattices is computed by first merging the lattice point pairs in
the Cartesian combination of their lattice points. The union of the lattices is then
the union of the result and the two initial lattices.

35



lteration lattice optimization example

Intersection Optimization

iterate overb locate fromc

7 GO GO e
O O o

When intersecting two lattices, move the operands with the locate capability
from one side of the intersection from the iterators to the locators set.
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