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Lecture 7 — Sparse Iteration Model I

Stanford CS343D (Winter 2024) 
Fred Kjolstad
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Course Project

lecture 7 lecture 9

today
3+1 min project pitch


per person
10+5 min project discussion


per team

lectures 11 and 12 lectures 19 and 20

project demos

Each person contributes one 
pitch slide to a google slide deck. 

These pitches are not binding.

Pick any pitched project

and form teams of 2 ±1.
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Lecture 4 
Collection-Oriented 

Languages  

Lecture 7 
Iteration Model I

Lecture 8 
Iteration Model II

Lecture 6 
Sparse Programming 

Systems

Lecture 5 
Dense Programming 

Systems

Lecture 2 
Domain-Specific 

Compilers

Lecture 3 
Building DSLs  
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Overview of topics

Lecture 7 Lecture 8

• Data representation


• Iteration spaces


• Iteration graph IR


• Iteration lattices to represent coiteration

• Concrete index notation IR


• Code generation algorithm


• Derived iteration spaces


• Optimizing transformations
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Sparse Tensor Algebra Compilation

a = Bc
<latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit>A = Bc+ a

<latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit><latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit><latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit><latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit>

a = ↵Bc+ �a
<latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit>

A = 0
<latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit>

A = BT
<latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit>

A = ↵B
<latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit>

A = B + C
<latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit>

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>

A = B � C
<latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit>

a = b� c
<latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit>

A = BC
<latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit>

A = BCd
<latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit>

a = BTBc
<latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit>Aij =

X

kl

BiklCljDkj

<latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit>

Aijk =
X

l

BiklClj

Akj =
X

il

BiklCljDij

<latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit>

Aik =
X

j

Bijkcj
<latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit>

Aij = (
X

k

BijkCijk) +Dij

<latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit><latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit><latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit><latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit>

⌧ =
X

i

zi(
X

j

zj✓ij)(
X

k

zk✓ik)

<latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit>

C =
X

ijkl

MijPjkMlk Pil

<latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit>

a =
X

ijklmnop

MijPjkMklPlmMnmPnoMpo Pip

<latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit>

Tensor Index Notation Expression

Formats

Schedule

ELLPACK

DIA

CSR

COO

DCSC

CSB
DCSR

CSC

Dense Matrix

Blocked DIA

BCSR

Blocked COO

Hash MapsSparse vector
CSF

Blocked Tensors
Dense Tensors

parallelize

collapse
precmpute
split

reorder

unroll

DSAs

Sparse Tensor Algebra

Compiler (taco)
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Tensor index notation for expressing functionality

Aij = Bij + Cij = + element-wise

α = ∑
i

bi ci x= reduction over i

ai = ∑
j

Bij cj = x broadcast  over icj
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Generates fast code for any tensor index notation 
expression with the given formats and schedule

Hash MapsSparse vector
⇥

CPU

TPUsGPUs

Sparse Tensor Hardware

Cloud Computers

Supercomputers

⇥
CSF

Coordinates

Blocked Tensors
Dense Tensors

ELLPACK

DIA

CSR

COO

DCSC

CSB
DCSR

CSC

Dense Matrix

Blocked DIA

BCSR

Blocked COO

a = Bc
<latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit>

a = Bc+ b
<latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit>

a = BT c
<latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit>

a = BT c+ d
<latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit>

a = ↵Bc+ �a
<latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit>

A = B
<latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit>

A = 0
<latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit>

A = BT
<latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit>

A = ↵B
<latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit>

a = b+ c
<latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit>

A = B + C
<latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit>

a = B(c+ d)
<latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit>

A = B + C +D
<latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit>

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>A = B � C

<latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit>

a = b� c
<latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit>

A = BC
<latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit>

A = BCd
<latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit>

a = BTBc
<latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit>

K = ATCA
<latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit>

Aij =
X

kl

BiklCljDkj

<latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit>

Aij =
X

k

Bijkck
<latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit>

Aijk =
X

l

BiklClj

<latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit>

Akj =
X

il

BiklCljDij

<latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit>

Alj =
X

ik

BiklCijDkj

<latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit>

Aik =
X

j

Bijkcj
<latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit>

Ajk =
X

i

Bijkci
<latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit>

Aijl =
X

k

BiklCkj

<latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit>

⌧ =
X

i

zi(
X

j

zj✓ij)(
X

k

zk✓ik)

<latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit>C =
X

ijkl

MijPjkMlk Pil

<latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit>

a =
X
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Compound expressions matter for performance
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Formats matter for performance
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Fig. 18. Performance of matrix-vector multiplication on various matrices with distinct sparsity patterns using
taco. The left half of each subfigure depicts the sparsity pattern of the matrix, while the right half shows
the normalized storage costs and normalized average execution times (relative to the optimal format) of
matrix-vector multiplication using the storage formats labeled on the horizontal axis to store the matrix. The
storage format labels follow the scheme described in Section 3; for instance, DS is short for (densed1,sparsed2),
while SDᵀ is equivalent to (sparsed2,densed1). The dense matrix input has a density of 0.95, the hypersparse
matrix has a density of 2.5 × 10−5, the row-slicing and column-slicing matrices have densities of 9.5 × 10−3,
and the thermal and blocked matrices have densities of 1.0 × 10−3.

and tensor-times-vector multiplication with matrices and 3rd-order tensors of varying sparsities
as inputs. The tensors are randomly generated with every component having some probability d
of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
non-zero, and the complement of sparsity). As Fig. 17 shows, while computing with sparse tensor
storage formats incurs some performance penalty as compared to the same computation with
dense formats when the inputs are highly dense, the performance penalty decreases and eventually
turns into performance gain as the sparsity of the inputs increases. For the two computations we
evaluate, we observe that input sparsity of as low as approximately 35% is actually sufficient to
make sparse formats that compress out all zeros—including DCSR and CSF—perform better than
dense formats, which further emphasizes the practicality of sparse tensor storage formats.

Proc. ACM Program. Lang., Vol. 1, No. OOPSLA, Article 77. Publication date: October 2017.
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of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
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evaluate, we observe that input sparsity of as low as approximately 35% is actually sufficient to
make sparse formats that compress out all zeros—including DCSR and CSF—perform better than
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as inputs. The tensors are randomly generated with every component having some probability d
of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
non-zero, and the complement of sparsity). As Fig. 17 shows, while computing with sparse tensor
storage formats incurs some performance penalty as compared to the same computation with
dense formats when the inputs are highly dense, the performance penalty decreases and eventually
turns into performance gain as the sparsity of the inputs increases. For the two computations we
evaluate, we observe that input sparsity of as low as approximately 35% is actually sufficient to
make sparse formats that compress out all zeros—including DCSR and CSF—perform better than
dense formats, which further emphasizes the practicality of sparse tensor storage formats.
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CSR vs COO

COO SpMV

CSR SpMV

COO → CSR
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Schedules matter for performance
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Machines matter for performance
ai = ∑

j
Bij cj
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Sparse data structures in graphs, tensors, and relations

encode coordinates in a sparse iteration space

Values may be attached to these coordinates: e.g., nonzero values, edge attributes

Tensor (nonzeros)

(0,1)
(2,3) (0,5)

(5,5) (7,5) (Rita,CS)

Relation (rows)

(Harry,CS)
(Sally,EE)

(George,CS)
(Mary,ME)

Graph (edges)

(v1,v5)
(v4,v3)

(v5,v3)

(v3,v1)
(v3,v5)
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Iteration spaces from coordinate relations
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Iteration spaces from set operations
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Iteration spaces from broadcast operations

8 8 8 \
i 2 B1 \ Ui

2 \
k 2 B2 \C1

2 \
j 2 Uj \C2

i8k8j Bik \Ck j

0, 2

2, 2

(0, 3)

(2, 3)

(1, 2)
(0, 0)
(0, 1)
(2, 1)

(⇤, 1)

(⇤, 2)
= \

(0, 0) (0, 1)

(2, 1)

(0, 0) (0, 1)

(1, 2)

(2, 1)

(0, 0)

(2, 0)

(0, 1)

(2, 1)

(0, 2)

(2, 2)

(0, 3)

(2, 3)

The universe of  consist of all 
coordinates it may take, of which 

any data structure stores a subset.

i

Aij = ∑
k

BikCkj

= B1



17

Coordinate relations → coordinate trees (abstractly)
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Coordinate relations → coordinate trees (concretely)

A B C D E F
0 1 2 3 4 5 6 7 8 9 10 11
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Coordinate relations → coordinate trees (concretely)
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Coordinate relations → coordinate trees (concretely)

A B C D E F

row(3) = ???
col(3) = ???
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Coordinate relations → coordinate trees (concretely)
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Coordinate relations → coordinate trees (concretely)
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Coordinate relations → coordinate trees (concretely)
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Coordinate relations → coordinate trees (concretely)

Compressed Sparse Rows (CSR)
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Level-based representation: compiler abstraction
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Level abstraction: capabilities and properties

Capabilities

The code generator sees only the level abstraction and not specific level types

a column-major matrix instead of a row-major matrix. Figure ?? shows
, but the tree levels

have been interchanged to store the matrix in column-major order. j1 j3 j2 j1 j2 j3

iterate lookup

coordinates

children

positions

The coordinate tree abstraction must be represented somehow by val-

j1 j2 j3 j2 j3

full not full

A level is full if every collection of coordinates that share the
same ancestors encompasses all valid coordinates along the correspond-
ing tensor dimension. For example, a dense vector stores a component

j1 j2 j3 j1 j3 j2

ordered not ordered

A level is ordered if all coordinates that share any ancestor
are arranged in a monotonically non-decreasing sequence. (Recall that
two nodes that share duplicates of an ancestor are considered to share i1

j1 j2

i2

j1 j2 j3

unique

i1

j1 j2

i1

j1 j3 j3

not unique

A level is unique if no identical paths end at the level. Two
paths are identical if the nodes at every step along both paths are the

shows a level that is unique and one that is not
(green) appear twice. Note that it

does not matter if both nodes along the path are duplicates (the blue
path) or if one node is shared and the other a duplicate (the green path).

i1 i2 i2 i1 i2

j1 j1 j2 j2 j1 j2

branchless not branchless

including each duplicate, has exactly one child. Knowledge of such
ciently col-

shows one level that is
has more than one child.

j1 j2 j3 j1 j3

compact not compact

, some physical stor-
age schemes, such as hash maps, have unlabeled nodes that represent

Properties
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Level  types: dense and compressed

Dense locate capability:
Dense

locate(pk�1, i1, . . ., ik):
return <pk�1 * Nk + ik, true>

Compressed
pos_bounds(pk�1):
return <pos[pk�1], pos[pk�1 + 1]>

pos_access(pk, i1, . . ., ik�1):
return <crd[pk], true>Compressed iterate capability

Compressed iterate 

  for (int i = 0; i < m; i++) { 
   for (int pA = A_pos[i]; pA < A_pos[i+1]; pA++) { 
      int j = A_crd[pA]; 
      y[i] += A[pA] * x[j]; 
    } 
  }

y = Ax
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A B C D E F

Dense Compressed Singleton
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Level types can be composed in many ways
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Level types can be composed in many ways



Tensor 
formats

Level 
formats

24

Hashed Range Offset

Coordinate matrix
Compressed
Singleton

CSR
Dense

Compressed

Coordinate tensor
Compressed
Singleton
Singleton

BCSR
Dense

Compressed
Dense
Dense

DIA
Dense
Range
Offset

Block DIA
Dense
Range
Offset
Dense
Dense

Hash map vector
Hashed

Dense Compressed Singleton

ELLPACK
Dense
Dense

Singleton

Mode-generic tensor
Compressed
Singleton
Dense
Dense

[Baskaran et al. 2012]

Hash map matrix
Hashed
Hashed

CSB
Dense
Dense

Compressed
Singleton [Kincaid et al. 1989]

[Buluç et al. 2009]

[Tinney and Walker, 1967]

[Im and Yelick 1998]

[Saad 2003]

[Patwary et al. 2015]

Dense array tensor
Dense
Dense
Dense

Level types can be composed in many ways



Iteration graphs express iteration spaces and data 
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Sparse iteration spaces and Iteration Graphs
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Sparse iteration spaces and Iteration Graphs

60 00 0
210 010 0

0 00 0
0 00 0

0 00 0
120 030 0

26

Aij

X

k

Bijk ⇤ ck=

Bijk ck

i
j

k

*

Dense



Sparse iteration spaces and Iteration Graphs

j

i

20 6080
7010

40 5030

ckBijk

31
31

31
31

31
31

60 00 0
210 010 0

0 00 0
0 00 0

0 00 0
120 030 0

26

Aij

X

k

Bijk ⇤ ck=

Bijk ck

i
j

k

*

i
j

k

i
j

k

B3

k

B1

B2

k
c1

DenseSparse



Sparse iteration spaces and Iteration Graphs

j

i

20 6080
7010

40 5030

ckBijk

31
31

31
31

31
31

60 00 0
210 010 0

0 00 0
0 00 0

0 00 0
120 030 0

26

Aij

X

k

Bijk ⇤ ck=

Bijk ck

i
j

k

*

i
j

k

B3

k

B1

B2

c1

DenseSparse



Sparse iteration spaces and Iteration Graphs
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Iteration graph examples
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k

  for (int pB2 = B2_pos[i]; pB2 < B2_pos[i+1]; pB2++) { 
    int j = B2_crd[pB2];

28

for (int i = 0; i < m; i++) { 

Aij =
X

k

Bijkck

    int pA2 = i*n + j; 
    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2+1] && pc1 < c1_pos[1]) { 
      int kB = B3_crd[pB3]; 
      int kc = c1_crd[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        A[pA2] += B[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 

    } 
  } 
}

∩B3 c1

B1

B2

i

j

k

Iteration graphs are lowered to sparse code

Key operation is to coiterate 
over data structures

Intersection coiteration
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Data structure coiteration
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Iteration lattice for multiplications

30

ai = bici

Multiplication requires intersection

b c
b ∩ c
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Iteration lattice for multiplications

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}
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Iteration lattice for multiplications

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

  if (ib == i && ic == i) { 
    a[i] = b[pb1] * c[pc1]; 
  }
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Iteration lattice for multiplications

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

  if (ib == i && ic == i) { 
    a[i] = b[pb1] * c[pc1]; 
  }
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Iteration lattice for additions
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Addition requires union

b c



Iteration lattice for additions
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Iteration lattice for additions

b ∪ c = (b ∩ c) ∪ b ∪ c
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Iteration lattice for additions

cb

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}
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Iteration lattice for additions

cb

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

b, c
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bc

b c

  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  }
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int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

  else if (ib == i) { 
    a[i] = b[pb1]; 
  }
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int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 
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}

  else if (ib == i) { 
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}

  else if (ib == i) { 
    a[i] = b[pb1]; 
  }

b, c

31

∅

ai = bi + ci

b c
bc

b c

  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  }

  else { 
    a[i] = c[pc1]; 
  }



Iteration lattice for additions

cb

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

  else if (ib == i) { 
    a[i] = b[pb1]; 
  }
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while (pb1 < b1_pos[1]) { 
  int i = b1_crd[pb1]; 
  a[i] = b[pb1++]; 
}
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  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  }

  else { 
    a[i] = c[pc1]; 
  }



Iteration lattice for additions

cb

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}

  else if (ib == i) { 
    a[i] = b[pb1]; 
  }

b, c

31
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while (pc1 < c1_pos[1]) { 
  int i = c1_crd[pc1]; 
  a[i] = c[pc1++]; 
}

while (pb1 < b1_pos[1]) { 
  int i = b1_crd[pb1]; 
  a[i] = b[pb1++]; 
}
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bc

b c

  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  }

  else { 
    a[i] = c[pc1]; 
  }



Iteration lattice for a compound expression
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Iteration lattice for a compound expression

b c

d

while (pc1 < c1_pos[1] && pd1 < d1_pos[1]) { 
  int ic = c1_crd[pc1]; 
  int id = d1_crd[pd1]; 
  int i = min(ic, id); 
  if (ic == i && id == i) { 
    a[i] = c[pc1] + d[pd1]; 
  } 
  else if (ic == i) { 
    a[i] = c[pc1]; 
  } 
  else { 
    a[i] = d[pd1]; 
  } 
  if (ic == i) pc1++; 
  if (id == i) pd1++; 
} 

while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 
  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  } 
  else if (ib == i) { 
    a[i] = b[pb1]; 
  } 
  else { 
    a[i] = c[pc1]; 
  } 
  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
} 

while (pb1 < b1_pos[1] && pd1 < d1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int id = d1_crd[pd1]; 
  int i = min(ib, id); 
  if (ib == i && id == i) { 
    a[i] = b[pb1] + d[pd1]; 
  } 
  else if (ib == i) { 
    a[i] = b[pb1]; 
  } 
  else { 
    a[i] = d[pd1]; 
  } 
  if (ib == i) pb1++; 
  if (id == i) pd1++; 
} 

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
int pd1 = d1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1] && pd1 < d1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int id = d1_crd[pd1]; 
  int i = min(ib, ic, id); 
  if (ib == i && ic == i && id == i) { 
    a[i] = b[pb1] + c[pc1] + d[pd1]; 
  } 
  else if (ib == i && id == i) { 
    a[i] = b[pb1] + d[pd1]; 
  } 
  else if (ic == i && id == i) { 
    a[i] = c[pc1] + d[pd1]; 
  } 
  else if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  } 
  else if (ib == i) { 
    a[i] = b[pb1]; 
  } 
  else if (ic == i) { 
    a[i] = c[pc1]; 
  } 
  else { 
    a[i] = d[pd1]; 
  } 
  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
  if (id == i) pd1++; 
}

while (pb1 < b1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  a[ib] = b[pb1]; 
  pb1++; 
}

while (pc1 < c1_pos[1]) { 
  int ic = c1_crd[pc1]; 
  a[ic] = c[pc1]; 
  pc1++; 
} 

while (pd1 < d1_pos[1]) { 
  int id = d1_crd[pd1]; 
  a[id] = d[pd1]; 
  pd1++; 
} 
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Iteration lattice for a compound expression
Dense

b c

d

while (pc1 < c1_pos[1] && pd1 < d1_pos[1]) { 
  int ic = c1_crd[pc1]; 
  int id = d1_crd[pd1]; 
  int i = min(ic, id); 
  if (ic == i && id == i) { 
    a[i] = c[pc1] + d[pd1]; 
  } 
  else if (ic == i) { 
    a[i] = c[pc1]; 
  } 
  else { 
    a[i] = d[pd1]; 
  } 
  if (ic == i) pc1++; 
  if (id == i) pd1++; 
} 

while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 
  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  } 
  else if (ib == i) { 
    a[i] = b[pb1]; 
  } 
  else { 
    a[i] = c[pc1]; 
  } 
  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
} 

while (pb1 < b1_pos[1] && pd1 < d1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int id = d1_crd[pd1]; 
  int i = min(ib, id); 
  if (ib == i && id == i) { 
    a[i] = b[pb1] + d[pd1]; 
  } 
  else if (ib == i) { 
    a[i] = b[pb1]; 
  } 
  else { 
    a[i] = d[pd1]; 
  } 
  if (ib == i) pb1++; 
  if (id == i) pd1++; 
} 

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
int pd1 = d1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1] && pd1 < d1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int id = d1_crd[pd1]; 
  int i = min(ib, ic, id); 
  if (ib == i && ic == i && id == i) { 
    a[i] = b[pb1] + c[pc1] + d[pd1]; 
  } 
  else if (ib == i && id == i) { 
    a[i] = b[pb1] + d[pd1]; 
  } 
  else if (ic == i && id == i) { 
    a[i] = c[pc1] + d[pd1]; 
  } 
  else if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  } 
  else if (ib == i) { 
    a[i] = b[pb1]; 
  } 
  else if (ic == i) { 
    a[i] = c[pc1]; 
  } 
  else { 
    a[i] = d[pd1]; 
  } 
  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
  if (id == i) pd1++; 
}

while (pb1 < b1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  a[ib] = b[pb1]; 
  pb1++; 
}

while (pc1 < c1_pos[1]) { 
  int ic = c1_crd[pc1]; 
  a[ic] = c[pc1]; 
  pc1++; 
} 

while (pd1 < d1_pos[1]) { 
  int id = d1_crd[pd1]; 
  a[id] = d[pd1]; 
  pd1++; 
} 
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Iteration lattice for a compound expression

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
int id = 0; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int pd1 = id; 
  int pa1 = id; 
  if (ib == id && ic == id) { 
    a[pa1] = b[pb1] + c[pc1] + d[pd1]; 
  } 
  else if (ib == id) { 
    a[pa1] = b[pb1] + d[pd1]; 
  } 
  else if (ic == id) { 
    a[pa1] = c[pc1] + d[pd1]; 
  } 
  else { 
    a[pa1] = d[pd1]; 
  } 
  if (ib == id) pb1++; 
  if (ic == id) pc1++; 
  id++; 
} 

while (id < d1_dimension) { 
  int pd1 = id; 
  int pa1 = id; 
  a[pa1] = d[pd1]; 
  id++; 
}

while (pb1 < b1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int pd1 = id; 
  int pa1 = id; 
  if (ib == id) { 
    a[pa1] = b[pb1] + d[pd1]; 
  } 
  else { 
    a[pa1] = d[pd1]; 
  } 
  if (ib == id) pb1++; 
  id++; 
}

while (pc1 < c1_pos[1]) { 
  int ic = c1_crd[pc1]; 
  int pd1 = id; 
  int pa1 = id; 
  if (ic == id) { 
    a[pa1] = c[pc1] + d[pd1]; 
  } 
  else { 
    a[pa1] = d[pd1]; 
  } 
  if (ic == id) pc1++; 
  id++; 
}

Dense

d d

b c

d
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Iteration lattice for a compound expression
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Iteration lattice for a compound expression

while (pb1 < b1_pos[1] && pd1 < d1_pos[1]) 
{ 
  int ib = b1_crd[pb1]; 
  int id = d1_crd[pd1]; 
  int i = min(ib, id); 
  if (ib == i && id == i) { 
    a[i] = b[pb1] * d[pd1]; 
  } 
  if (ib == i) pb1++; 
  if (id == i) pd1++; 
}

33

ai = (bi + ci)di

b c

d ∅

b c d

dbdc

db, c,

d b d,c,
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ai = (bi + ci)di

b c

d ∅

b c d

dbdc

Dense

db, c

d b dc

locatorsiterators
int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_crd[pb1]; 
  int ic = c1_crd[pc1]; 
  int i = min(ib, ic); 
  if (ib == i && ic == i) { 
    a[i] = (b[pb1] + c[pc1]) * d[i]; 
  } 
  else if (ib == i) { 
    a[i] = b[pb1] * d[i]; 
  } 
  else if (ic == i) { 
    a[i] = c[pc1] * d[i]; 
  } 
  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
} 

while (pb1 < b1_pos[1]) { 
  int i = b1_crd[pb1]; 
  a[i] = b[pb1] * d[i]; 
  pb1++; 
} 

while (pc1 < c1_pos[1]) { 
  int i = c1_crd[pc1]; 
  a[i] = c[pc1] * d[i]; 
  pc1++; 
}
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Iteration lattice construction

[

b c

!

! !

b, c

b c

;

b

;

c

;

types of operands (segments and dimensions) and two types of itera-
tors (intersections and unions), resulting in four construction rules to
create lattices that generalize the merge strategy. In addition, several
optimizations can be employed to simplify the lattices and to move
iterators to the locators set, thus creating lattices that combine the
merge and iterate-and-locate strategies. The four iteration lattice con-

The segment rule has two cases. If the level type of a
bi ∪ ci

Bottom-up construction from set expression:

create and merge iteration lattices

Base cases:

b has an iterator

If the level type does not support an iterator capability but in-
stead supports locate, then the rule returns a lattice with a single
non-bottom lattice point, the iterators set of which contains the
dimension of the segment and locators set contains the segment

b

;

b

b does not have an iterator, 
but supports locate

U | b

;

U

U

;

U

b is the set universe

Lattice point merging:

,b, c d , e b, c ,d , e( )
Lattice points are merged by 

taking the union of their iterator 
and locator sets respectively
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Iteration lattice construction

Intersection

The intersection of two lattices is computed by merging the lattice point pairs in 
the Cartesian combination of their lattice points.

b, c

b c

;

, d , e

d e

;

b, c ,d , e

b, c ,d b, c , e b,d , e c ,d , e

b,d b, e c ,d c , e

;

∩ →
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Iteration lattice construction

Union

b, c ,d , e

b, c ,d b, c , e b,d , e c ,d , e

b, c b,d b, e c ,d c , e d , e

b c d e

;

∪ →

b, c

b c

;

, d , e

d e

;

The union of two lattices is computed by first merging the lattice point pairs in 
the Cartesian combination of their lattice points. The union of the lattices is then 

the union of the result and the two initial lattices.
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Iteration lattice optimization example

Intersection Optimization

When intersecting two lattices, move the operands with the locate capability 
from one side of the intersection from the iterators to the locators set.

produce a new lattice that describes iteration over the union of
). To union two lat-

rst apply the intersection rule to produce an intersec-
tion lattice. We then take the union of the lattice points of the
intersection lattice and the two operand lattices to produce the

iterate over b locate from c

b c

iteration lattices; however,

∩
b | c

;

b

b

;

b

c

;

c →


