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Overview of topics

Lecture 7 Lecture 8

• Data representation


• Iteration spaces


• Iteration graph IR


• Iteration lattices to represent coiteration

• Concrete index notation IR


• Code generation algorithm


• Derived iteration spaces


• Optimizing transformations
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Overview of compilation stages

Figure 1-5: An overview of the Ten-
sor Algebra Compiler (taco). The input
to the compiler is an expression in the
tensor index notation, formats that de-
scribe the data structure of each tensor,
and a schedule that describes optimiz-
ing transformations to apply to the ex-
pression before generating code.
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1.3 The Sparse Tensor Algebra Compiler

This dissertation describes a sparse iteration theory. I use this theory to
create several intermediate representations (IRs) and a code generation
lowering algorithm that make it possible to compile sparse tensor al-
gebra expressions.5 The IRs and the algorithm have been implemented 5 A lowering transformation is a code

generation algorithm that takes code in
a higher-level abstract IR and produces
code in a lower-level detailed IR.

in a compiler called the Tensor Algebra Compiler (abbreviated to taco).
Taco is the ! rst sparse iteration compiler, and it can compile any tensor
index notation expression to code that computes it by coiterating over
sparse and dense tensor data structures. In this section, I outline the
rationale and design of the compiler, showing how the concepts de-
scribed in this dissertation ! t together and providing a guide to future
implementers of systems built on these ideas.

As shown in Figure 1-5, taco has three types of inputs:

1. a tensor algebra expression to compute,

2. tensor formats that describe the tensor data structures, and

3. a scheduleof optimizing transformations that change the order
of computation, where temporaries are stored, and what parallel
hardware to use.6

6 The separation of transformations and
compiler internals was developed in the
CHiLL compiler [39]. The Halide sys-
tem [107] pioneered a clean API design
that separates algorithms from sched-
ules. This design lets users override the
default schedules when they need more
performance. An automatic scheduling
system for taco is future work, perhaps
using machine learning, optimization,
or autotuning. The scheduling API and
the compiler techniques described in
this dissertation, however, enable such
scheduling systems by automating the
transformations and code generation.

The compiler transforms the index notation expression to concrete no-
tation, applies the schedule transformations to optimize it, and then
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Overview of compilation stages

Figure 1-5: An overview of the Ten-
sor Algebra Compiler (taco). The input
to the compiler is an expression in the
tensor index notation, formats that de-
scribe the data structure of each tensor,
and a schedule that describes optimiz-
ing transformations to apply to the ex-
pression before generating code.

Formats Expression Schedule

ELLPACK

DIA

CSR

COO

DCSC

CSBDCSR

CSC

Dense Matrix

Blocked DIA

BCSR

Blocked COO

Hash MapsSparse vector
CSF

Blocked Tensors
Dense Tensors

a = Bc
<latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit>A = Bc + a

<latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit><latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit><latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit><latexit sha1_base64="Adkj9+u5UhsX3DH9ZFGDfk3XRYU="></latexit>

a = �Bc + �a
<latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit>

A = 0
<latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit>

A = BT
<latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit>

A = �B
<latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit>

A = B + C
<latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit>

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>

A = B � C
<latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit>

a = b � c
<latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit>

A = BC
<latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit>

A = BCd
<latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit>

a = BT Bc
<latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit>Aij =

�

kl

BiklCljDkj

<latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit>

Aijk =
�

l

BiklClj

Akj =
�

il

BiklCljDij

<latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit>

Aik =
�

j

Bijkcj

<latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit>

Aij = (
�

k

BijkCijk) + Dij

<latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit><latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit><latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit><latexit sha1_base64="/F2FjpAUbgNdqGgk9sYQCUlMnGo="></latexit>

� =
�

i

zi(
�

j

zj�ij)(
�

k

zk�ik)

<latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit>

C =
�

ijkl

MijPjkMlk Pil

<latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit>

a =
!

ijklmnop

M ij Pjk M kl Plm M nm Pno M po Pip

<latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit>

divide vectorize

parallelize

split

position

precompute

reorder

unroll

Index Notation

Concrete Notation

Imperative IR

concretize

lower

schedule

C CUDA LLVM . . .

specialize

1.3 The Sparse Tensor Algebra Compiler

This dissertation describes a sparse iteration theory. I use this theory to
create several intermediate representations (IRs) and a code generation
lowering algorithm that make it possible to compile sparse tensor al-
gebra expressions.5 The IRs and the algorithm have been implemented 5 A lowering transformation is a code

generation algorithm that takes code in
a higher-level abstract IR and produces
code in a lower-level detailed IR.

in a compiler called the Tensor Algebra Compiler (abbreviated to taco).
Taco is the ! rst sparse iteration compiler, and it can compile any tensor
index notation expression to code that computes it by coiterating over
sparse and dense tensor data structures. In this section, I outline the
rationale and design of the compiler, showing how the concepts de-
scribed in this dissertation ! t together and providing a guide to future
implementers of systems built on these ideas.

As shown in Figure 1-5, taco has three types of inputs:

1. a tensor algebra expression to compute,

2. tensor formats that describe the tensor data structures, and

3. a scheduleof optimizing transformations that change the order
of computation, where temporaries are stored, and what parallel
hardware to use.6

6 The separation of transformations and
compiler internals was developed in the
CHiLL compiler [39]. The Halide sys-
tem [107] pioneered a clean API design
that separates algorithms from sched-
ules. This design lets users override the
default schedules when they need more
performance. An automatic scheduling
system for taco is future work, perhaps
using machine learning, optimization,
or autotuning. The scheduling API and
the compiler techniques described in
this dissertation, however, enable such
scheduling systems by automating the
transformations and code generation.

The compiler transforms the index notation expression to concrete no-
tation, applies the schedule transformations to optimize it, and then
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Figure 1-5: An overview of the Ten-
sor Algebra Compiler (taco). The input
to the compiler is an expression in the
tensor index notation, formats that de-
scribe the data structure of each tensor,
and a schedule that describes optimiz-
ing transformations to apply to the ex-
pression before generating code.
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1.3 The Sparse Tensor Algebra Compiler

This dissertation describes a sparse iteration theory. I use this theory to
create several intermediate representations (IRs) and a code generation
lowering algorithm that make it possible to compile sparse tensor al-
gebra expressions.5 The IRs and the algorithm have been implemented 5 A lowering transformation is a code

generation algorithm that takes code in
a higher-level abstract IR and produces
code in a lower-level detailed IR.

in a compiler called the Tensor Algebra Compiler (abbreviated to taco).
Taco is the ! rst sparse iteration compiler, and it can compile any tensor
index notation expression to code that computes it by coiterating over
sparse and dense tensor data structures. In this section, I outline the
rationale and design of the compiler, showing how the concepts de-
scribed in this dissertation ! t together and providing a guide to future
implementers of systems built on these ideas.

As shown in Figure 1-5, taco has three types of inputs:

1. a tensor algebra expression to compute,

2. tensor formats that describe the tensor data structures, and

3. a scheduleof optimizing transformations that change the order
of computation, where temporaries are stored, and what parallel
hardware to use.6

6 The separation of transformations and
compiler internals was developed in the
CHiLL compiler [39]. The Halide sys-
tem [107] pioneered a clean API design
that separates algorithms from sched-
ules. This design lets users override the
default schedules when they need more
performance. An automatic scheduling
system for taco is future work, perhaps
using machine learning, optimization,
or autotuning. The scheduling API and
the compiler techniques described in
this dissertation, however, enable such
scheduling systems by automating the
transformations and code generation.

The compiler transforms the index notation expression to concrete no-
tation, applies the schedule transformations to optimize it, and then
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Overview of compilation stages

Figure 1-5: An overview of the Ten-
sor Algebra Compiler (taco). The input
to the compiler is an expression in the
tensor index notation, formats that de-
scribe the data structure of each tensor,
and a schedule that describes optimiz-
ing transformations to apply to the ex-
pression before generating code.
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1.3 The Sparse Tensor Algebra Compiler

This dissertation describes a sparse iteration theory. I use this theory to
create several intermediate representations (IRs) and a code generation
lowering algorithm that make it possible to compile sparse tensor al-
gebra expressions.5 The IRs and the algorithm have been implemented 5 A lowering transformation is a code

generation algorithm that takes code in
a higher-level abstract IR and produces
code in a lower-level detailed IR.

in a compiler called the Tensor Algebra Compiler (abbreviated to taco).
Taco is the ! rst sparse iteration compiler, and it can compile any tensor
index notation expression to code that computes it by coiterating over
sparse and dense tensor data structures. In this section, I outline the
rationale and design of the compiler, showing how the concepts de-
scribed in this dissertation ! t together and providing a guide to future
implementers of systems built on these ideas.

As shown in Figure 1-5, taco has three types of inputs:

1. a tensor algebra expression to compute,

2. tensor formats that describe the tensor data structures, and

3. a scheduleof optimizing transformations that change the order
of computation, where temporaries are stored, and what parallel
hardware to use.6

6 The separation of transformations and
compiler internals was developed in the
CHiLL compiler [39]. The Halide sys-
tem [107] pioneered a clean API design
that separates algorithms from sched-
ules. This design lets users override the
default schedules when they need more
performance. An automatic scheduling
system for taco is future work, perhaps
using machine learning, optimization,
or autotuning. The scheduling API and
the compiler techniques described in
this dissertation, however, enable such
scheduling systems by automating the
transformations and code generation.

The compiler transforms the index notation expression to concrete no-
tation, applies the schedule transformations to optimize it, and then
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Concrete index notation specifies order of computations 
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Concrete index notation specifies order of computations 
and location of intermediate values

Aij = Bij + Cij ! i ! j Aij = Bij + Cij

! = !
i

bi ci
! i ! + = bi ci

ai = !
j

Bij cj ! i ai = t where ! j t + = Bij cj

Index Notation Concrete Index Notation
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Concrete index notation grammars

notation := stmt [Ò:Ó environment]
stmt := forall

where
sequence
multi
assignment

forall := Ò! Óindex stmt
where:= stmt ÒwhereÓ stmt

sequence:= stmt Ò;Ó stmt
multi := stmt Ò|Ó stmt

assignment:= access Ò=Ó expr
access Ò+=Ó expr

expr := operator
access
literal
Ò(Ó expr Ò)Ó

operator:= Ò-Ó expr
expr Ò+Ó expr
expr Ò-Ó expr
expr expr

access:= tensorindices
indices:= index"

environment:= ((relation | bound| tag) Ò,Ó)"

relation := index index Ò
ÒcollapseÓ
#######$ Ó index

index Ò
Òsplit(Ó d Ò,Ó s Ò)Ó
###########$ Ó index index

bound:= Òbound(Ó index Ò,Ó b Ò)Ó
tag := Òparallelize(Ó index Ò,Ó p Ò,Ó r Ò)Ó

Òunroll(Óindex Ò,Ó uÒ)Ó

Figure 4-11: The grammar of concrete index notation. I show only some incrementing assignments and binary expressions and
others are possible. The grammar rules literal, tensor, index, d, s, b, p, r, and u are identi! ers

statement reuses results, and the multi statement computes two results
at the same time.

Concrete index notation expressions have two types of variables:
index variables and tensors. Anindex variableis bound to a set of coor-
dinate values by a forall statement and takes on each of these values at
di" erent iterations. They are also used in access expressions to access
the tensor components to operate on in assignment statements. Index
values could, in principle, be anythingÑnumbers, strings, names, or
webpagesÑbut I only treat index values that are integers in this dis-
sertation. Tensors are maps from coordinates to scalar components
(see Chapter2. They are only used in access expressions where they
are indexed in each mode by an index variable or an index literal. The
type of the index values must match the type of the corresponding ten-
sor modes, and the index values must be a subset of the index values
in the tensor mode. The tensor components are scalar values that can
be a type that can be computed on by the operators they are used in.
Common types are integers of di" erent bit-widths,#oats and doubles,
complex numbers, and booleans.

The notation rule describes a complete concrete index notation
statement. It consists of a statement body and an optional environ-
ment. The statement body can be either of the! ve statements, which
in turn can be nested. The environment consists of relations, bounds,
and tags. The relations relate derived index variables to the index vari-
ables they derived from. I describe them in Section3.2, Section6.3(col-
lapse), and Section6.4(split). The bounds place a constraint on the size
of the universe of an index variable, and are describes in Section6.5.
And the tags specify how the index variableÕs forall statements should
be lowered to imperative code, and are described in Section6.6. Each
index variable can be associated with at most one bound and one tag
and can at most be the target of one relation.
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Figure 4-12: Assignment statements
compute a scalar expression and assign
it to a component of a result tensor.

An assignment statement computes the value of a single tensor
component in the result tensor Figure4-12). The result of an assign-
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ment expression is one tensor indexed by index variablesi . . . that
are bound by enclosing forall statements and iterate through a set of
index values. Expressions in concrete index notation cannot contain
reductions. Rather, anassignment statementmay be acompound as-
signment , which means that they use some operator to combine the
result computed on the right-hand side. For example, an incrementing
assignment+= adds the value computed in each forall iteration to the
result tensor.

! i stmt

Figure 4-13: Forall statements execute
a statement for every value of an index
variableÕs range.

A forall statement binds an index variablei " I to a set of index
valuesI , called its range, and executes a statement stmt once for each
index value (Figure4-13). The range of the index variable must be the
same set of index values as the mode of every tensor that it is used
to index into. It can therefore be inferred from the tensor modes and,
for ease of notation, we omit it when we write forall statements. A
forall statementdoes not de! ne an execution ordering and can be con-
! gured to be sequential, parallel, or vectorized (see Sectioniteration
space mapping transformations).

stmtc where stmtp

Figure 4-14: Where statements produce
one or more temporary tensors in a pro-
ducer statement that are then consumed
as operands in a consumer statement.

A where statement consists of a producer statement stmtp that
computes temporary tensor variables that are consumed as operands
in a consumer statement stmtc (Figure4-14). The temporary tensors,
also referred to as workspaces, are de! ned and initialized on entering
the where statement. They can be written to in the producer state-
ment and exported as read-only tensors to the consumer side, where
they can be used as operands. Their scope is the where statement, their
lifetime is its duration of the where statement, and they are semanti-
cally recreated for each invocation (i.e., for each iteration of outerforall
statements). Awhere statementcan be used to introduce temporaries
that can be scattered into, that are cheaper to coiterate over, and that
can be used to hoist loop invariant code (see Section6.2).

stmtd ; stmtm

Figure 4-15: Sequence statements de-
! ne one or more temporary tensors in
a de! nition statement that are then mu-
tated in a mutate statement.

A sequence statement computes a tensor in two stages. It con-
sists of a statement stmtd that de! nes a tensor and a statement stmtm

that mutates it (Figure4-15). Sequence statements can be nested to
compute a tensor in multiple stages: stmtd ; stmtm1; stmtm2; . . .. A
sequence statement can be used to remove temporaries by instead suc-
cessively adding additional computations to the same result (see Sec-
tion 6.2).

stmtl | stmtr

Figure 4-16: Multi statements combine
statements with separate result.

A multi statement combines two statements stmtl and stmtr that
compute di" erent results (Figure4-16). The statements may execute
in any order and can share operands. A multi statement can be used
to compute two tensors inside the same shared outer loop.

Connection to Iteration Graphs

The concrete notation has a close connection to iteration graphs. Con-
crete statements compute tensor expressions with sparse tensors and
may, due to the algebraic properties of their operators, iterate over
only a sparse subset of the expressionÕs full iteration. The concrete
notation lowering machinery in Chapter5 converts a concrete forall
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where
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forall := Ò! Óindex stmt
where:= stmt ÒwhereÓ stmt

sequence:= stmt Ò;Ó stmt
multi := stmt Ò|Ó stmt

assignment:= access Ò=Ó expr
access Ò+=Ó expr

expr := operator
access
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index Ò
Òsplit(Ó d Ò,Ó s Ò)Ó
###########$ Ó index index
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Figure 4-11: The grammar of concrete index notation. I show only some incrementing assignments and binary expressions and
others are possible. The grammar rules literal, tensor, index, d, s, b, p, r, and u are identi! ers

statement reuses results, and the multi statement computes two results
at the same time.

Concrete index notation expressions have two types of variables:
index variables and tensors. Anindex variableis bound to a set of coor-
dinate values by a forall statement and takes on each of these values at
di" erent iterations. They are also used in access expressions to access
the tensor components to operate on in assignment statements. Index
values could, in principle, be anythingÑnumbers, strings, names, or
webpagesÑbut I only treat index values that are integers in this dis-
sertation. Tensors are maps from coordinates to scalar components
(see Chapter2. They are only used in access expressions where they
are indexed in each mode by an index variable or an index literal. The
type of the index values must match the type of the corresponding ten-
sor modes, and the index values must be a subset of the index values
in the tensor mode. The tensor components are scalar values that can
be a type that can be computed on by the operators they are used in.
Common types are integers of di" erent bit-widths,#oats and doubles,
complex numbers, and booleans.

The notation rule describes a complete concrete index notation
statement. It consists of a statement body and an optional environ-
ment. The statement body can be either of the! ve statements, which
in turn can be nested. The environment consists of relations, bounds,
and tags. The relations relate derived index variables to the index vari-
ables they derived from. I describe them in Section3.2, Section6.3(col-
lapse), and Section6.4(split). The bounds place a constraint on the size
of the universe of an index variable, and are describes in Section6.5.
And the tags specify how the index variableÕs forall statements should
be lowered to imperative code, and are described in Section6.6. Each
index variable can be associated with at most one bound and one tag
and can at most be the target of one relation.
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Figure 4-12: Assignment statements
compute a scalar expression and assign
it to a component of a result tensor.

An assignment statement computes the value of a single tensor
component in the result tensor Figure4-12). The result of an assign-
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ment expression is one tensor indexed by index variablesi . . . that
are bound by enclosing forall statements and iterate through a set of
index values. Expressions in concrete index notation cannot contain
reductions. Rather, anassignment statementmay be acompound as-
signment , which means that they use some operator to combine the
result computed on the right-hand side. For example, an incrementing
assignment+= adds the value computed in each forall iteration to the
result tensor.

! i stmt

Figure 4-13: Forall statements execute
a statement for every value of an index
variableÕs range.

A forall statement binds an index variablei " I to a set of index
valuesI , called its range, and executes a statement stmt once for each
index value (Figure4-13). The range of the index variable must be the
same set of index values as the mode of every tensor that it is used
to index into. It can therefore be inferred from the tensor modes and,
for ease of notation, we omit it when we write forall statements. A
forall statementdoes not de! ne an execution ordering and can be con-
! gured to be sequential, parallel, or vectorized (see Sectioniteration
space mapping transformations).

stmtc where stmtp

Figure 4-14: Where statements produce
one or more temporary tensors in a pro-
ducer statement that are then consumed
as operands in a consumer statement.

A where statement consists of a producer statement stmtp that
computes temporary tensor variables that are consumed as operands
in a consumer statement stmtc (Figure4-14). The temporary tensors,
also referred to as workspaces, are de! ned and initialized on entering
the where statement. They can be written to in the producer state-
ment and exported as read-only tensors to the consumer side, where
they can be used as operands. Their scope is the where statement, their
lifetime is its duration of the where statement, and they are semanti-
cally recreated for each invocation (i.e., for each iteration of outerforall
statements). Awhere statementcan be used to introduce temporaries
that can be scattered into, that are cheaper to coiterate over, and that
can be used to hoist loop invariant code (see Section6.2).

stmtd ; stmtm

Figure 4-15: Sequence statements de-
! ne one or more temporary tensors in
a de! nition statement that are then mu-
tated in a mutate statement.

A sequence statement computes a tensor in two stages. It con-
sists of a statement stmtd that de! nes a tensor and a statement stmtm

that mutates it (Figure4-15). Sequence statements can be nested to
compute a tensor in multiple stages: stmtd ; stmtm1; stmtm2; . . .. A
sequence statement can be used to remove temporaries by instead suc-
cessively adding additional computations to the same result (see Sec-
tion 6.2).

stmtl | stmtr

Figure 4-16: Multi statements combine
statements with separate result.

A multi statement combines two statements stmtl and stmtr that
compute di" erent results (Figure4-16). The statements may execute
in any order and can share operands. A multi statement can be used
to compute two tensors inside the same shared outer loop.

Connection to Iteration Graphs

The concrete notation has a close connection to iteration graphs. Con-
crete statements compute tensor expressions with sparse tensors and
may, due to the algebraic properties of their operators, iterate over
only a sparse subset of the expressionÕs full iteration. The concrete
notation lowering machinery in Chapter5 converts a concrete forall
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di" erent iterations. They are also used in access expressions to access
the tensor components to operate on in assignment statements. Index
values could, in principle, be anythingÑnumbers, strings, names, or
webpagesÑbut I only treat index values that are integers in this dis-
sertation. Tensors are maps from coordinates to scalar components
(see Chapter2. They are only used in access expressions where they
are indexed in each mode by an index variable or an index literal. The
type of the index values must match the type of the corresponding ten-
sor modes, and the index values must be a subset of the index values
in the tensor mode. The tensor components are scalar values that can
be a type that can be computed on by the operators they are used in.
Common types are integers of di" erent bit-widths,#oats and doubles,
complex numbers, and booleans.

The notation rule describes a complete concrete index notation
statement. It consists of a statement body and an optional environ-
ment. The statement body can be either of the! ve statements, which
in turn can be nested. The environment consists of relations, bounds,
and tags. The relations relate derived index variables to the index vari-
ables they derived from. I describe them in Section3.2, Section6.3(col-
lapse), and Section6.4(split). The bounds place a constraint on the size
of the universe of an index variable, and are describes in Section6.5.
And the tags specify how the index variableÕs forall statements should
be lowered to imperative code, and are described in Section6.6. Each
index variable can be associated with at most one bound and one tag
and can at most be the target of one relation.
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An assignment statement computes the value of a single tensor
component in the result tensor Figure4-12). The result of an assign-
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index values. Expressions in concrete index notation cannot contain
reductions. Rather, anassignment statementmay be acompound as-
signment , which means that they use some operator to combine the
result computed on the right-hand side. For example, an incrementing
assignment+= adds the value computed in each forall iteration to the
result tensor.
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Figure 4-13: Forall statements execute
a statement for every value of an index
variableÕs range.

A forall statement binds an index variablei " I to a set of index
valuesI , called its range, and executes a statement stmt once for each
index value (Figure4-13). The range of the index variable must be the
same set of index values as the mode of every tensor that it is used
to index into. It can therefore be inferred from the tensor modes and,
for ease of notation, we omit it when we write forall statements. A
forall statementdoes not de! ne an execution ordering and can be con-
! gured to be sequential, parallel, or vectorized (see Sectioniteration
space mapping transformations).
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Figure 4-14: Where statements produce
one or more temporary tensors in a pro-
ducer statement that are then consumed
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A where statement consists of a producer statement stmtp that
computes temporary tensor variables that are consumed as operands
in a consumer statement stmtc (Figure4-14). The temporary tensors,
also referred to as workspaces, are de! ned and initialized on entering
the where statement. They can be written to in the producer state-
ment and exported as read-only tensors to the consumer side, where
they can be used as operands. Their scope is the where statement, their
lifetime is its duration of the where statement, and they are semanti-
cally recreated for each invocation (i.e., for each iteration of outerforall
statements). Awhere statementcan be used to introduce temporaries
that can be scattered into, that are cheaper to coiterate over, and that
can be used to hoist loop invariant code (see Section6.2).
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Figure 4-15: Sequence statements de-
! ne one or more temporary tensors in
a de! nition statement that are then mu-
tated in a mutate statement.

A sequence statement computes a tensor in two stages. It con-
sists of a statement stmtd that de! nes a tensor and a statement stmtm

that mutates it (Figure4-15). Sequence statements can be nested to
compute a tensor in multiple stages: stmtd ; stmtm1; stmtm2; . . .. A
sequence statement can be used to remove temporaries by instead suc-
cessively adding additional computations to the same result (see Sec-
tion 6.2).
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Figure 4-16: Multi statements combine
statements with separate result.

A multi statement combines two statements stmtl and stmtr that
compute di" erent results (Figure4-16). The statements may execute
in any order and can share operands. A multi statement can be used
to compute two tensors inside the same shared outer loop.

Connection to Iteration Graphs

The concrete notation has a close connection to iteration graphs. Con-
crete statements compute tensor expressions with sparse tensors and
may, due to the algebraic properties of their operators, iterate over
only a sparse subset of the expressionÕs full iteration. The concrete
notation lowering machinery in Chapter5 converts a concrete forall
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Figure 4-11: The grammar of concrete index notation. I show only some incrementing assignments and binary expressions and
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statement reuses results, and the multi statement computes two results
at the same time.

Concrete index notation expressions have two types of variables:
index variables and tensors. Anindex variableis bound to a set of coor-
dinate values by a forall statement and takes on each of these values at
di" erent iterations. They are also used in access expressions to access
the tensor components to operate on in assignment statements. Index
values could, in principle, be anythingÑnumbers, strings, names, or
webpagesÑbut I only treat index values that are integers in this dis-
sertation. Tensors are maps from coordinates to scalar components
(see Chapter2. They are only used in access expressions where they
are indexed in each mode by an index variable or an index literal. The
type of the index values must match the type of the corresponding ten-
sor modes, and the index values must be a subset of the index values
in the tensor mode. The tensor components are scalar values that can
be a type that can be computed on by the operators they are used in.
Common types are integers of di" erent bit-widths,#oats and doubles,
complex numbers, and booleans.

The notation rule describes a complete concrete index notation
statement. It consists of a statement body and an optional environ-
ment. The statement body can be either of the! ve statements, which
in turn can be nested. The environment consists of relations, bounds,
and tags. The relations relate derived index variables to the index vari-
ables they derived from. I describe them in Section3.2, Section6.3(col-
lapse), and Section6.4(split). The bounds place a constraint on the size
of the universe of an index variable, and are describes in Section6.5.
And the tags specify how the index variableÕs forall statements should
be lowered to imperative code, and are described in Section6.6. Each
index variable can be associated with at most one bound and one tag
and can at most be the target of one relation.

Ai ... = expr

Figure 4-12: Assignment statements
compute a scalar expression and assign
it to a component of a result tensor.

An assignment statement computes the value of a single tensor
component in the result tensor Figure4-12). The result of an assign-
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Concrete index notation as an optimization IR

Index Notation

Imperative IR

Target Code 
(C, CUDA, DSAs)

lowering

concretization

specialization

schedulingConcrete Index Notation Optimizing transformations are applied before 
coiteration code is generated. Thus it applies 

equally to dense and sparse computation
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    int  pA2 = i*n + j; 
    int  pB3 = B3_pos[pB2]; 
    int  pc1 = c1_pos[ 0]; 
    while  (pB3 < B3_pos[pB2+ 1] && pc1 < c1_pos[ 1]) { 
      int  kB = B3_crd[pB3]; 
      int  kc = c1_crd[pc1]; 
      int  k = min(kB, kc); 
      if  (kB == k && kc == k) { 
        A[pA2] += B[pB3] * c[pc1]; 
      } 
      if  (kB == k) pB3++; 
      if  (kc == k) pc1++; 

    } 
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    float  t = 0.0 ; 
    int  pA2 = i*n + j; 
    int  pB3 = B3_pos[pB2]; 
    int  pc1 = c1_pos[ 0]; 
    while  (pB3 < B3_pos[pB2+ 1] && pc1 < c1_pos[ 1]) { 
      int  kB = B3_crd[pB3]; 
      int  kc = c1_crd[pc1]; 
      int  k = min(kB, kc); 
      if  (kB == k && kc == k) { 
        t += B[pB3] * c[pc1]; 
      } 
      if  (kB == k) pB3++; 
      if  (kc == k) pc1++; 
      A[pA2] = t; 
    } 
  } 
}
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!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows

CSC

Dense
Compressed

cols

Inner Product

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

j

i

k

Aij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

Workspace to scatter into results in sparse matrix multiplication



Must iterate over every i,j (inefficient)

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows

CSC

Dense
Compressed

cols

Inner Product

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

j

i

k

Aij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

Workspace to scatter into results in sparse matrix multiplication



Must iterate over every i,j (inefficient)

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows

CSC

Dense
Compressed

cols

#=

Inner Product

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

B CA

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

j

i

k

Aij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

Workspace to scatter into results in sparse matrix multiplication



Must iterate over every i,j (inefficient)

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows

CSC

Dense
Compressed

cols

#=

Inner Product

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

B CA

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

j

i

k

Aij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

Workspace to scatter into results in sparse matrix multiplication



!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows
cols

CSR

Dense
Compressed

#=

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

B CA

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

j

i

k

Aij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

Workspace to scatter into results in sparse matrix multiplication



!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows
cols

CSR

Dense
Compressed

#=

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

B CA

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

j

i

k

Aij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

Workspace to scatter into results in sparse matrix multiplication



!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows
cols

CSR

Dense
Compressed

#=

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

B CA

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

j

i

k

Aij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

Workspace to scatter into results in sparse matrix multiplication



!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows
cols

CSR

Dense
Compressed

#=

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

B CA

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

j

i

k

Aij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

Workspace to scatter into results in sparse matrix multiplication



!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows
cols

CSR

Dense
Compressed

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

j

i

k

Aij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

Workspace to scatter into results in sparse matrix multiplication



!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows
cols

CSR

Dense
Compressed

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

for  ( int  i = 0; i < m; i++) {
dense B1

}

j

i

k

Aij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

Workspace to scatter into results in sparse matrix multiplication



!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows
cols

CSR

Dense
Compressed

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

for  ( int  i = 0; i < m; i++) {

}

  for  ( int  pB2 = B2_pos[i]; pB2 < B2_pos[i+ 1]; pB2++) { 
    int  k = B2_crd[pB2];

  }

compressed B2

dense C1

j

i

k

Aij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

Workspace to scatter into results in sparse matrix multiplication



!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

Scatter results into compressed A (inefficient)

rows
cols

CSR

Dense
Compressed

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

for  ( int  i = 0; i < m; i++) {

}

  for  ( int  pB2 = B2_pos[i]; pB2 < B2_pos[i+ 1]; pB2++) { 
    int  k = B2_crd[pB2];

  }

j

i

k

Aij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

Workspace to scatter into results in sparse matrix multiplication



!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows
cols

CSR

Dense
Compressed

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

for  ( int  i = 0; i < m; i++) {

}

  for  ( int  pB2 = B2_pos[i]; pB2 < B2_pos[i+ 1]; pB2++) { 
    int  k = B2_crd[pB2];

  }

j

i

k

!
<latexit sha1_base64="NF3sH++YMk982tYWHDvNUqRZM3w="></latexit>

!
where

"
<latexit sha1_base64="BxwtSBPBvCz+KwCdDuI9YFyKJrU="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

!
<latexit sha1_base64="sQXLlY19DeWQ0Cf0VIEVdl8m0Tc="></latexit>

A ij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

j

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

Workspace to scatter into results in sparse matrix multiplication



!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows
cols

CSR

Dense
Compressed

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

for  ( int  i = 0; i < m; i++) {

}

  for  ( int  pB2 = B2_pos[i]; pB2 < B2_pos[i+ 1]; pB2++) { 
    int  k = B2_crd[pB2];

  }

j

i

k

!
<latexit sha1_base64="NF3sH++YMk982tYWHDvNUqRZM3w="></latexit>

!
where

"
<latexit sha1_base64="BxwtSBPBvCz+KwCdDuI9YFyKJrU="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

rowj
<latexit sha1_base64="6vecccy38fOMaTS/lbbqXxc0iyc="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

!
<latexit sha1_base64="sQXLlY19DeWQ0Cf0VIEVdl8m0Tc="></latexit>

A ij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

j

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

row
<latexit sha1_base64="z+i5q/jlH53Owztv564wwHOw2j8="></latexit>

Workspace to scatter into results in sparse matrix multiplication



!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows
cols

CSR

Dense
Compressed

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

for  ( int  i = 0; i < m; i++) {

}

  for  ( int  pB2 = B2_pos[i]; pB2 < B2_pos[i+ 1]; pB2++) { 
    int  k = B2_crd[pB2];

  }

j

i

k

=<latexit sha1_base64="0NWmzF0C+N8CBewJK7pAI2rLrts="></latexit> rowj
<latexit sha1_base64="6vecccy38fOMaTS/lbbqXxc0iyc="></latexit>

!
<latexit sha1_base64="NF3sH++YMk982tYWHDvNUqRZM3w="></latexit>

!
where

"
<latexit sha1_base64="BxwtSBPBvCz+KwCdDuI9YFyKJrU="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

rowj
<latexit sha1_base64="6vecccy38fOMaTS/lbbqXxc0iyc="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

!
<latexit sha1_base64="sQXLlY19DeWQ0Cf0VIEVdl8m0Tc="></latexit>

A ij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

j

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

row
<latexit sha1_base64="z+i5q/jlH53Owztv564wwHOw2j8="></latexit>

row
<latexit sha1_base64="z+i5q/jlH53Owztv564wwHOw2j8="></latexit>

Workspace to scatter into results in sparse matrix multiplication



!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows
cols

CSR

Dense
Compressed

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

for  ( int  i = 0; i < m; i++) {

}

  for  ( int  pB2 = B2_pos[i]; pB2 < B2_pos[i+ 1]; pB2++) { 
    int  k = B2_crd[pB2];

  }

j

i

k

=<latexit sha1_base64="0NWmzF0C+N8CBewJK7pAI2rLrts="></latexit> rowj
<latexit sha1_base64="6vecccy38fOMaTS/lbbqXxc0iyc="></latexit>

!
<latexit sha1_base64="NF3sH++YMk982tYWHDvNUqRZM3w="></latexit>

!
where

"
<latexit sha1_base64="BxwtSBPBvCz+KwCdDuI9YFyKJrU="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

rowj
<latexit sha1_base64="6vecccy38fOMaTS/lbbqXxc0iyc="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

!
<latexit sha1_base64="sQXLlY19DeWQ0Cf0VIEVdl8m0Tc="></latexit>

A ij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

j

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

row
<latexit sha1_base64="z+i5q/jlH53Owztv564wwHOw2j8="></latexit>

row
<latexit sha1_base64="z+i5q/jlH53Owztv564wwHOw2j8="></latexit>

compressed C2 
dense row     for  ( int  pC2 = C2_pos[k]; pC2 < C2_pos[k+ 1]; pC2++) { 

      int  j = C2_crd[pC2]; 
      row [j] += B[pB2] * C[pC2]; 
    }

Workspace to scatter into results in sparse matrix multiplication



compressed A
2


dense row

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows
cols

CSR

Dense
Compressed

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

for  ( int  i = 0; i < m; i++) {

}

  for  ( int  pB2 = B2_pos[i]; pB2 < B2_pos[i+ 1]; pB2++) { 
    int  k = B2_crd[pB2];

  }

j

i

k

=<latexit sha1_base64="0NWmzF0C+N8CBewJK7pAI2rLrts="></latexit> rowj
<latexit sha1_base64="6vecccy38fOMaTS/lbbqXxc0iyc="></latexit>

!
<latexit sha1_base64="NF3sH++YMk982tYWHDvNUqRZM3w="></latexit>

!
where

"
<latexit sha1_base64="BxwtSBPBvCz+KwCdDuI9YFyKJrU="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

rowj
<latexit sha1_base64="6vecccy38fOMaTS/lbbqXxc0iyc="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

!
<latexit sha1_base64="sQXLlY19DeWQ0Cf0VIEVdl8m0Tc="></latexit>

A ij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

j

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

row
<latexit sha1_base64="z+i5q/jlH53Owztv564wwHOw2j8="></latexit>

row
<latexit sha1_base64="z+i5q/jlH53Owztv564wwHOw2j8="></latexit>

    for  ( int  pC2 = C2_pos[k]; pC2 < C2_pos[k+ 1]; pC2++) { 
      int  j = C2_crd[pC2]; 
      row [j] += B[pB2] * C[pC2]; 
    }

  for  ( int  pA2 = A2_pos[i]; pA2 < A2_pos[i+ 1]; pA2++) { 
    int  j = A2_crd[pA2]; 
    A[pA2] = row [j]; 
    row [j] = 0.0 ; 
  }

Workspace to scatter into results in sparse matrix multiplication



[Gustavson 1978]

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

rows
cols

CSR

Dense
Compressed

Linear Combination of Rows

Matrix Multiplication

C

10

CSR

Dense
Compressed

rows
colsB

A
CSR

Dense
Compressed

rows
cols

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>

!
<latexit sha1_base64="ORhzzcvvQuuhYuNYjyFPHJ/oxSg="></latexit>i

<latexit sha1_base64="VgDmHf2bpf44Xu4sH7WmgMm4CkA="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

k
<latexit sha1_base64="+Fap/GZMIzBvVXZSLz08tepqUEI="></latexit>

for  ( int  i = 0; i < m; i++) {

}

  for  ( int  pB2 = B2_pos[i]; pB2 < B2_pos[i+ 1]; pB2++) { 
    int  k = B2_crd[pB2];

  }

j

i

k

=<latexit sha1_base64="0NWmzF0C+N8CBewJK7pAI2rLrts="></latexit> rowj
<latexit sha1_base64="6vecccy38fOMaTS/lbbqXxc0iyc="></latexit>

!
<latexit sha1_base64="NF3sH++YMk982tYWHDvNUqRZM3w="></latexit>

!
where

"
<latexit sha1_base64="BxwtSBPBvCz+KwCdDuI9YFyKJrU="></latexit>

j
<latexit sha1_base64="bY/XZH+H3/xg4IRLM43UxkVqgc4="></latexit>

rowj
<latexit sha1_base64="6vecccy38fOMaTS/lbbqXxc0iyc="></latexit>

+=
<latexit sha1_base64="L7FLVPzNVavzcfPEpBivO3eWIq4="></latexit>

!
<latexit sha1_base64="sQXLlY19DeWQ0Cf0VIEVdl8m0Tc="></latexit>

A ij
<latexit sha1_base64="6XpmJktT9lt/equeMW4iNyVpqJE="></latexit>

B ik
<latexit sha1_base64="wxt9Kt/kdOZs+PkEVw0Qwhd28ag="></latexit>

Ckj
<latexit sha1_base64="TkjPi2P5kp8lpPfqtOxb3r6IZNI="></latexit>

j

A
<latexit sha1_base64="0RwEb1nKJ1ERcmmS/B+UVgj1qXo="></latexit>

B
<latexit sha1_base64="u9Wzbtim8TH6aNCXo29nzzlvze4="></latexit>

C
<latexit sha1_base64="twTmtlU4YP7LF0oF9v25HSLZehg="></latexit>

row
<latexit sha1_base64="z+i5q/jlH53Owztv564wwHOw2j8="></latexit>

row
<latexit sha1_base64="z+i5q/jlH53Owztv564wwHOw2j8="></latexit>

    for  ( int  pC2 = C2_pos[k]; pC2 < C2_pos[k+ 1]; pC2++) { 
      int  j = C2_crd[pC2]; 
      row [j] += B[pB2] * C[pC2]; 
    }

  for  ( int  pA2 = A2_pos[i]; pA2 < A2_pos[i+ 1]; pA2++) { 
    int  j = A2_crd[pA2]; 
    A[pA2] = row [j]; 
    row [j] = 0.0 ; 
  }

Workspace to scatter into results in sparse matrix multiplication
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Other uses of where clauses

Mixed precisionGPU shared memories
  for  ( int  i = 0; i < m; i++) { 
    double  tj = 0.0 ; 
    for  ( int  pB2 = B2_pos[i]; 
             pB2 < B2_pos[i+1]; 
             pB2++) { 
      int  j = B2_crd[pB2]; 
      tj += B[pB2] * c[j]; 
    } 
    a[i] = tj; 
  }

Single-precision floating point

Loop-invariant code motionSimplify merge codeScatter into results
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k
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Prepare reductions
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A derived iteration space is one where dimensions have 
been split or collapsed

split collapse

Cannot simply rewrite access 
expressions as with dense, so the 
mapping functions must be stored 

in the IR, so we can later emit 
code to remap coordinates.

! i ai = bi + ci
split ! i0 ! i1 ai = bi + ci

original index variable iderived index variables

tions in Chapter6, whereas this section describes the derived iteration
graphs that they transform.

Derived index variables relate back to the original index variables
through a sequence of relations. From these relations, the code gen-
erator generates code to map coordinates back and forth between the
derived iteration space and the original iteration space. For example, it
can map a coordinate in the derived iteration space, which we iterate
over, to an original iteration space coordinate that we can use to index
into a coordinate tree level. Or it can map an original iteration space
coordinate that we read from a coordinate tree level, into a derived
iteration space coordinate to compare it to a coordinate we are cur-
rently iterating over. There are two types of index variable relations:
split and collapse.

The split relation splits an index variablej into two nested index
variablesj0 andj1. The outer variablej0 iterates over an integer range
that enumerates blocks, and its domain is identical to its universe. The
inner variablej1 coiterates over the same coordinate levels asj . In
other words,j0 iterates over blocks, whilej1 coiterates over the coor-
dinate trees within the block. These coordinate trees are in di! erent
coordinate spacesÑthe universe ofj1 is the dense range from[0,n/ 4),
wheren s the size ofjÕs universe. The coordinates in the data structures
B2 andC2, however, are in the universe ofj . As I describe in Section5.3,
the coordinates of each space are mapped back to the original space,
where they are compared to resolve the current combined coordinate
value of j . The resolvedj coordinate is then mapped back to the de-
rived spaces. A split relation has three arguments: direction, size, and
an optional coordinate tree. The directionÑup or downÑdetermines
whether the number of blocks is constant (up) or whether the size of
each block is constant (down). If the number of blocks is constant, then
the size of each block is proportional to the size ofjÕs universe. But if
the size of each block is constant, then the number of blocks is propor-
tional to the size ofjÕs universe. The size argument is an integer that
speci" es the number of blocks or block size, depending on the direc-
tion. Finally, the optional coordinate tree argument creates blocks with
the same number of coordinates from that tree, but that are variable-
sized with respect tojÕs universe. Figure3-13shows the di! erence
between a coordinate universe split (purple dashed) and a coordinate
tree split (red)Ña universe split evenly dividesjÕs domain, while a tree
split evenly divides the coordinate tree segmentsj indexes.18 18 A coordinate tree split results in

an inner index variable with a dense
domain, leading to code such as the
generated CUDA SpMV implementa-
tion in Figure1-14.

j1 j2 j3 j4 j5 j6 j7 j8 j9 j10

domainUj

j2 j7 j8 j10

coordinate segment ofb

Figure 3-13: Two splits of the index vari-
ablej in ! i bi " ci Ña universe split (pur-
ple dashed) and ab coordinate tree split
(red).

Figure3-14shows an example where an index variablej is split
in the up direction with respect to its universe. The split changes the
(original) iteration graph from

! i ! j ! k Bi jk " Ci jk ,

which corresponds to an element-wise tensor multiplication, as

! i ! j0! j1! k Bi jk " Ci jk : i
split(#,4)
$$$$$$% i0i1.

47
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The split iteration space function

Figure 3-14: Two iteration graphs con-
nected by a split relation. An origi-
nal graph (left) that coiterates over two
three-level coordinate hierarchies with
three index variables, and a derived
graph (right) whose middle index vari-
ablesj0 andj1 derive fromj in the orig-
inal graph. Under the graphs there are
iteration graph expressions, followed
by the iteration domains of each index
variable. The index variablej0 iterates
through equal-sized blocks ofjÕs itera-
tion domain, while each execution ofj1
coiterates through the coordinates ofB2
andC2 within each block.

i

j

k

B1

B2

B3

C1

C2

C3

!

!

!

" i " j " k Bi jk ! Ci jk

i # B1 ! C1

j # B2 ! C2

k # B3 ! C3

i

j0

j1

k

B1

B2

B3

C1

C2

C3

!

!

!

" i " j0" j1" k Bi jk ! Ci jk : j
split($,2)
%%%%%%%&j0j1

i # B1 ! C1

j0 # [0, 4)

j1 # B2 ! C2

k # B3 ! C3

split($, 2)

The derived iteration graph has two derived index variables,j0 andj1,
that derive fromj. These index variables have corresponding forall
statements, and their universes are dimensions of the iteration space,
but they do not index into the original coordinate trees. The relation-
ship betweenj0, j1, and j is given as a relation after the: symbol,
which should be read as Òsuch thatÓ. Relations use an arrow annotated
with the type of the relation and its arguments to map index variables
to their derived counterparts. Figure3-14also contains the graphical
representation of the derived iteration space. It shows how the rela-
tion maps betweenj in the original iteration graph andj0 andj1 in the
derived iteration graph. It also shows the iteration graph expressions
and index variable iteration domains for each iteration graph. Thej0
index variable iterates over the dense range[0, 4) denoting four blocks.
Thej1 index variable iterates over each block by coiterating over coor-
dinate levelsB2 andC2, intersected with the coordinates in the block.
Each block contains one fourth of the coordinates in the universe ofjÕs
iteration domainÑthe! rst block contains the! rst fourth, the second
block the second fourth, and so forth.

i1 i3

j1 j3 j4 j2 j3

i

j

(a) The original index variablesi and j
iterate over their respective levels. For
each iteration ofi , j iterates over the
corresponding segment.

i1 i3

j1 j3 j4 j2 j3f

advancei

(b) The collapsed index variablef iter-
ates over the Cartesian combination ofi
andj by iterating over the bottom level
of the coordinate tree. At each step it
tracks the currentj andi coordinates.

Figure 3-15: Iteration over a coordinate
tree before and after fusing thei and j
index variables intof .

The collapse relation combines two nested index variables into a
single index variable that iterates over the Cartesian combination of
their coordinates. Collapse relations have no arguments. Figure3-
15shows the e" ect fusion has on the iteration over a coordinate tree.
Figure3-15bshows the iteration after fusion: Thej coordinates of ev-
ery segments at the bottom level of the three enumerates the subset
of the i -j Cartesian combination that is present in the tree. Hence,
the collapsed variablef can simply iterate over them to iterate over
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The split iteration space function comes in several 
variants

<latexit sha1_base64="j+ntqICXlBBSfuRstD2hmRmoWtY="></latexit>

split(direction , stride, [tensor operand])

Split off a loop with  iterations as the:

• outer loop ( ), or

• inner loop ( )

stride
direction = %
direction = &

Optional tensor operand whose nonzero 
coordinates the split applies to. If not given, 
the split applies to the universe of coordinates 
of the split index variable.
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The split iteration space function can split with respect to the 
universe of coordinates or the coordinates of one operand

even split in coordinate universe, but 
uneven split in b’s nonzero coordinates

tions in Chapter6, whereas this section describes the derived iteration
graphs that they transform.

Derived index variables relate back to the original index variables
through a sequence of relations. From these relations, the code gen-
erator generates code to map coordinates back and forth between the
derived iteration space and the original iteration space. For example, it
can map a coordinate in the derived iteration space, which we iterate
over, to an original iteration space coordinate that we can use to index
into a coordinate tree level. Or it can map an original iteration space
coordinate that we read from a coordinate tree level, into a derived
iteration space coordinate to compare it to a coordinate we are cur-
rently iterating over. There are two types of index variable relations:
split and collapse.

The split relation splits an index variablej into two nested index
variablesj0 andj1. The outer variablej0 iterates over an integer range
that enumerates blocks, and its domain is identical to its universe. The
inner variablej1 coiterates over the same coordinate levels asj . In
other words,j0 iterates over blocks, whilej1 coiterates over the coor-
dinate trees within the block. These coordinate trees are in di! erent
coordinate spacesÑthe universe ofj1 is the dense range from[0,n/ 4),
wheren s the size ofjÕs universe. The coordinates in the data structures
B2 andC2, however, are in the universe ofj . As I describe in Section5.3,
the coordinates of each space are mapped back to the original space,
where they are compared to resolve the current combined coordinate
value of j . The resolvedj coordinate is then mapped back to the de-
rived spaces. A split relation has three arguments: direction, size, and
an optional coordinate tree. The directionÑup or downÑdetermines
whether the number of blocks is constant (up) or whether the size of
each block is constant (down). If the number of blocks is constant, then
the size of each block is proportional to the size ofjÕs universe. But if
the size of each block is constant, then the number of blocks is propor-
tional to the size ofjÕs universe. The size argument is an integer that
speci" es the number of blocks or block size, depending on the direc-
tion. Finally, the optional coordinate tree argument creates blocks with
the same number of coordinates from that tree, but that are variable-
sized with respect tojÕs universe. Figure3-13shows the di! erence
between a coordinate universe split (purple dashed) and a coordinate
tree split (red)Ña universe split evenly dividesjÕs domain, while a tree
split evenly divides the coordinate tree segmentsj indexes.18 18 A coordinate tree split results in

an inner index variable with a dense
domain, leading to code such as the
generated CUDA SpMV implementa-
tion in Figure1-14.

j1 j2 j3 j4 j5 j6 j7 j8 j9 j10

domainUj

j2 j7 j8 j10

coordinates ofb

Figure 3-13: Two splits of the index vari-
ablej in ! i bi " ci Ña universe split (pur-
ple dashed) and ab coordinate tree split
(red).

Figure3-14shows an example where an index variablej is split
in the up direction with respect to its universe. The split changes the
(original) iteration graph from

! i ! j ! k Bi jk " Ci jk ,

which corresponds to an element-wise tensor multiplication, as

! i ! j0! j1! k Bi jk " Ci jk : j
split(#,4)
$$$$$$% j0j1.
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tions in Chapter6, whereas this section describes the derived iteration
graphs that they transform.

Derived index variables relate back to the original index variables
through a sequence of relations. From these relations, the code gen-
erator generates code to map coordinates back and forth between the
derived iteration space and the original iteration space. For example, it
can map a coordinate in the derived iteration space, which we iterate
over, to an original iteration space coordinate that we can use to index
into a coordinate tree level. Or it can map an original iteration space
coordinate that we read from a coordinate tree level, into a derived
iteration space coordinate to compare it to a coordinate we are cur-
rently iterating over. There are two types of index variable relations:
split and collapse.

The split relation splits an index variablej into two nested index
variablesj0 andj1. The outer variablej0 iterates over an integer range
that enumerates blocks, and its domain is identical to its universe. The
inner variablej1 coiterates over the same coordinate levels asj . In
other words,j0 iterates over blocks, whilej1 coiterates over the coor-
dinate trees within the block. These coordinate trees are in di! erent
coordinate spacesÑthe universe ofj1 is the dense range from[0,n/ 4),
wheren s the size ofjÕs universe. The coordinates in the data structures
B2 andC2, however, are in the universe ofj . As I describe in Section5.3,
the coordinates of each space are mapped back to the original space,
where they are compared to resolve the current combined coordinate
value of j . The resolvedj coordinate is then mapped back to the de-
rived spaces. A split relation has three arguments: direction, size, and
an optional coordinate tree. The directionÑup or downÑdetermines
whether the number of blocks is constant (up) or whether the size of
each block is constant (down). If the number of blocks is constant, then
the size of each block is proportional to the size ofjÕs universe. But if
the size of each block is constant, then the number of blocks is propor-
tional to the size ofjÕs universe. The size argument is an integer that
speci" es the number of blocks or block size, depending on the direc-
tion. Finally, the optional coordinate tree argument creates blocks with
the same number of coordinates from that tree, but that are variable-
sized with respect tojÕs universe. Figure3-13shows the di! erence
between a coordinate universe split (purple dashed) and a coordinate
tree split (red)Ña universe split evenly dividesjÕs domain, while a tree
split evenly divides the coordinate tree segmentsj indexes.18 18 A coordinate tree split results in

an inner index variable with a dense
domain, leading to code such as the
generated CUDA SpMV implementa-
tion in Figure1-14.
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Figure3-14shows an example where an index variablej is split
in the up direction with respect to its universe. The split changes the
(original) iteration graph from

! i ! j ! k Bi jk " Ci jk ,
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The split iteration space function can split with respect to the 
universe of coordinates or the coordinates of one operand

even split in coordinate universe, but 
uneven split in b’s nonzero coordinates

tions in Chapter6, whereas this section describes the derived iteration
graphs that they transform.

Derived index variables relate back to the original index variables
through a sequence of relations. From these relations, the code gen-
erator generates code to map coordinates back and forth between the
derived iteration space and the original iteration space. For example, it
can map a coordinate in the derived iteration space, which we iterate
over, to an original iteration space coordinate that we can use to index
into a coordinate tree level. Or it can map an original iteration space
coordinate that we read from a coordinate tree level, into a derived
iteration space coordinate to compare it to a coordinate we are cur-
rently iterating over. There are two types of index variable relations:
split and collapse.

The split relation splits an index variablej into two nested index
variablesj0 andj1. The outer variablej0 iterates over an integer range
that enumerates blocks, and its domain is identical to its universe. The
inner variablej1 coiterates over the same coordinate levels asj . In
other words,j0 iterates over blocks, whilej1 coiterates over the coor-
dinate trees within the block. These coordinate trees are in di! erent
coordinate spacesÑthe universe ofj1 is the dense range from[0,n/ 4),
wheren s the size ofjÕs universe. The coordinates in the data structures
B2 andC2, however, are in the universe ofj . As I describe in Section5.3,
the coordinates of each space are mapped back to the original space,
where they are compared to resolve the current combined coordinate
value of j . The resolvedj coordinate is then mapped back to the de-
rived spaces. A split relation has three arguments: direction, size, and
an optional coordinate tree. The directionÑup or downÑdetermines
whether the number of blocks is constant (up) or whether the size of
each block is constant (down). If the number of blocks is constant, then
the size of each block is proportional to the size ofjÕs universe. But if
the size of each block is constant, then the number of blocks is propor-
tional to the size ofjÕs universe. The size argument is an integer that
speci" es the number of blocks or block size, depending on the direc-
tion. Finally, the optional coordinate tree argument creates blocks with
the same number of coordinates from that tree, but that are variable-
sized with respect tojÕs universe. Figure3-13shows the di! erence
between a coordinate universe split (purple dashed) and a coordinate
tree split (red)Ña universe split evenly dividesjÕs domain, while a tree
split evenly divides the coordinate tree segmentsj indexes.18 18 A coordinate tree split results in

an inner index variable with a dense
domain, leading to code such as the
generated CUDA SpMV implementa-
tion in Figure1-14.
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Figure3-14shows an example where an index variablej is split
in the up direction with respect to its universe. The split changes the
(original) iteration graph from

! i ! j ! k Bi jk " Ci jk ,

which corresponds to an element-wise tensor multiplication, as

! i ! j0! j1! k Bi jk " Ci jk : j
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tions in Chapter6, whereas this section describes the derived iteration
graphs that they transform.

Derived index variables relate back to the original index variables
through a sequence of relations. From these relations, the code gen-
erator generates code to map coordinates back and forth between the
derived iteration space and the original iteration space. For example, it
can map a coordinate in the derived iteration space, which we iterate
over, to an original iteration space coordinate that we can use to index
into a coordinate tree level. Or it can map an original iteration space
coordinate that we read from a coordinate tree level, into a derived
iteration space coordinate to compare it to a coordinate we are cur-
rently iterating over. There are two types of index variable relations:
split and collapse.

The split relation splits an index variablej into two nested index
variablesj0 andj1. The outer variablej0 iterates over an integer range
that enumerates blocks, and its domain is identical to its universe. The
inner variablej1 coiterates over the same coordinate levels asj . In
other words,j0 iterates over blocks, whilej1 coiterates over the coor-
dinate trees within the block. These coordinate trees are in di! erent
coordinate spacesÑthe universe ofj1 is the dense range from[0,n/ 4),
wheren s the size ofjÕs universe. The coordinates in the data structures
B2 andC2, however, are in the universe ofj . As I describe in Section5.3,
the coordinates of each space are mapped back to the original space,
where they are compared to resolve the current combined coordinate
value of j . The resolvedj coordinate is then mapped back to the de-
rived spaces. A split relation has three arguments: direction, size, and
an optional coordinate tree. The directionÑup or downÑdetermines
whether the number of blocks is constant (up) or whether the size of
each block is constant (down). If the number of blocks is constant, then
the size of each block is proportional to the size ofjÕs universe. But if
the size of each block is constant, then the number of blocks is propor-
tional to the size ofjÕs universe. The size argument is an integer that
speci" es the number of blocks or block size, depending on the direc-
tion. Finally, the optional coordinate tree argument creates blocks with
the same number of coordinates from that tree, but that are variable-
sized with respect tojÕs universe. Figure3-13shows the di! erence
between a coordinate universe split (purple dashed) and a coordinate
tree split (red)Ña universe split evenly dividesjÕs domain, while a tree
split evenly divides the coordinate tree segmentsj indexes.18 18 A coordinate tree split results in

an inner index variable with a dense
domain, leading to code such as the
generated CUDA SpMV implementa-
tion in Figure1-14.
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Figure3-14shows an example where an index variablej is split
in the up direction with respect to its universe. The split changes the
(original) iteration graph from
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tions in Chapter6, whereas this section describes the derived iteration
graphs that they transform.

Derived index variables relate back to the original index variables
through a sequence of relations. From these relations, the code gen-
erator generates code to map coordinates back and forth between the
derived iteration space and the original iteration space. For example, it
can map a coordinate in the derived iteration space, which we iterate
over, to an original iteration space coordinate that we can use to index
into a coordinate tree level. Or it can map an original iteration space
coordinate that we read from a coordinate tree level, into a derived
iteration space coordinate to compare it to a coordinate we are cur-
rently iterating over. There are two types of index variable relations:
split and collapse.

The split relation splits an index variablej into two nested index
variablesj0 andj1. The outer variablej0 iterates over an integer range
that enumerates blocks, and its domain is identical to its universe. The
inner variablej1 coiterates over the same coordinate levels asj . In
other words,j0 iterates over blocks, whilej1 coiterates over the coor-
dinate trees within the block. These coordinate trees are in di! erent
coordinate spacesÑthe universe ofj1 is the dense range from[0,n/ 4),
wheren s the size ofjÕs universe. The coordinates in the data structures
B2 andC2, however, are in the universe ofj . As I describe in Section5.3,
the coordinates of each space are mapped back to the original space,
where they are compared to resolve the current combined coordinate
value of j . The resolvedj coordinate is then mapped back to the de-
rived spaces. A split relation has three arguments: direction, size, and
an optional coordinate tree. The directionÑup or downÑdetermines
whether the number of blocks is constant (up) or whether the size of
each block is constant (down). If the number of blocks is constant, then
the size of each block is proportional to the size ofjÕs universe. But if
the size of each block is constant, then the number of blocks is propor-
tional to the size ofjÕs universe. The size argument is an integer that
speci" es the number of blocks or block size, depending on the direc-
tion. Finally, the optional coordinate tree argument creates blocks with
the same number of coordinates from that tree, but that are variable-
sized with respect tojÕs universe. Figure3-13shows the di! erence
between a coordinate universe split (purple dashed) and a coordinate
tree split (red)Ña universe split evenly dividesjÕs domain, while a tree
split evenly divides the coordinate tree segmentsj indexes.18 18 A coordinate tree split results in

an inner index variable with a dense
domain, leading to code such as the
generated CUDA SpMV implementa-
tion in Figure1-14.
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Figure3-14shows an example where an index variablej is split
in the up direction with respect to its universe. The split changes the
(original) iteration graph from
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which corresponds to an element-wise tensor multiplication, as
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tions in Chapter6, whereas this section describes the derived iteration
graphs that they transform.

Derived index variables relate back to the original index variables
through a sequence of relations. From these relations, the code gen-
erator generates code to map coordinates back and forth between the
derived iteration space and the original iteration space. For example, it
can map a coordinate in the derived iteration space, which we iterate
over, to an original iteration space coordinate that we can use to index
into a coordinate tree level. Or it can map an original iteration space
coordinate that we read from a coordinate tree level, into a derived
iteration space coordinate to compare it to a coordinate we are cur-
rently iterating over. There are two types of index variable relations:
split and collapse.

The split relation splits an index variablej into two nested index
variablesj0 andj1. The outer variablej0 iterates over an integer range
that enumerates blocks, and its domain is identical to its universe. The
inner variablej1 coiterates over the same coordinate levels asj . In
other words,j0 iterates over blocks, whilej1 coiterates over the coor-
dinate trees within the block. These coordinate trees are in di! erent
coordinate spacesÑthe universe ofj1 is the dense range from[0,n/ 4),
wheren s the size ofjÕs universe. The coordinates in the data structures
B2 andC2, however, are in the universe ofj . As I describe in Section5.3,
the coordinates of each space are mapped back to the original space,
where they are compared to resolve the current combined coordinate
value of j . The resolvedj coordinate is then mapped back to the de-
rived spaces. A split relation has three arguments: direction, size, and
an optional coordinate tree. The directionÑup or downÑdetermines
whether the number of blocks is constant (up) or whether the size of
each block is constant (down). If the number of blocks is constant, then
the size of each block is proportional to the size ofjÕs universe. But if
the size of each block is constant, then the number of blocks is propor-
tional to the size ofjÕs universe. The size argument is an integer that
speci" es the number of blocks or block size, depending on the direc-
tion. Finally, the optional coordinate tree argument creates blocks with
the same number of coordinates from that tree, but that are variable-
sized with respect tojÕs universe. Figure3-13shows the di! erence
between a coordinate universe split (purple dashed) and a coordinate
tree split (red)Ña universe split evenly dividesjÕs domain, while a tree
split evenly divides the coordinate tree segmentsj indexes.18 18 A coordinate tree split results in

an inner index variable with a dense
domain, leading to code such as the
generated CUDA SpMV implementa-
tion in Figure1-14.
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Figure3-14shows an example where an index variablej is split
in the up direction with respect to its universe. The split changes the
(original) iteration graph from

! i ! j ! k Bi jk " Ci jk ,

which corresponds to an element-wise tensor multiplication, as
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uneven split in coordinate universe, but 
even split in b’s nonzero coordinates
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The collapse iteration space function

Figure 3-16: Two iteration graphs con-
nected by a collapse relation. An orig-
inal graph (left) that coiterates over
two four-level coordinate tree with four
index variables, and a derived graph
(right) that coiterates over the same
threes with three index variables. The
middle collapsed index variablej coit-
erates over the cartesian combination of
two coordinate tree levels from each of
the coordinate trees. Under the graphs
there are iteration graph expressions,
followed by the iteration domains that
highlight the iteration at each index
variable.
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the Cartesian combination. At each point in the iteration, thej andi
coordinates can be recovered: thej coordinate can be read from the
current position in the bottom level, and thei coordinate can be found
by searching for thei coordinate that maps to the currentj position.
(If we collapse more index variables, then we must recover each index
variable above the bottom through search.) Furthermore, we can im-
prove on a search by tracking the currenti coordinate and advancing
it to the next when we come to the end of a row ofj , as shown in the
! gure.

Figure 3-16shows an example where a derived iteration graph
(right) contains an index variablef that derives from two collapsed
index variablesj andk in an original iteration graph (left). The orig-
inal iteration graph has four iteration variables that iterate over two
coordinate trees with four levels each; whereas the derived iteration
graph has only three index variables, it is still iterating over coordinate
trees with four levels. The collapsed index variable coiterates over the
Cartesian combination of the two levels by coiterating over the bottom
levelsÑB3 andC3Ñand comparing bothj andk.

Finally, Figure3-17compares three ways to divide into two pieces
a two-dimensional iteration space formed by taking the intersection
of a sparse coordinate relationB and a dense coordinate relationc.
This iteration space appears in the doubly compressed sparse matrix-
vector multiplication. Figure3-17aand Figure3-17csplit the outer loop
i with respect to its universe or the! rst level ofB. The result is either
an implementation that has the same number of rows in each block or
one that has the same number of non-empty rows per block. Neither of
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the Cartesian combination. At each point in the iteration, thej andi
coordinates can be recovered: thej coordinate can be read from the
current position in the bottom level, and thei coordinate can be found
by searching for thei coordinate that maps to the currentj position.
(If we collapse more index variables, then we must recover each index
variable above the bottom through search.) Furthermore, we can im-
prove on a search by tracking the currenti coordinate and advancing
it to the next when we come to the end of a row ofj , as shown in the
! gure.

Figure 3-16shows an example where a derived iteration graph
(right) contains an index variablef that derives from two collapsed
index variablesj andk in an original iteration graph (left). The orig-
inal iteration graph has four iteration variables that iterate over two
coordinate trees with four levels each; whereas the derived iteration
graph has only three index variables, it is still iterating over coordinate
trees with four levels. The collapsed index variable coiterates over the
Cartesian combination of the two levels by coiterating over the bottom
levelsÑB3 andC3Ñand comparing bothj andk.

Finally, Figure3-17compares three ways to divide into two pieces
a two-dimensional iteration space formed by taking the intersection
of a sparse coordinate relationB and a dense coordinate relationc.
This iteration space appears in the doubly compressed sparse matrix-
vector multiplication. Figure3-17aand Figure3-17csplit the outer loop
i with respect to its universe or the! rst level ofB. The result is either
an implementation that has the same number of rows in each block or
one that has the same number of non-empty rows per block. Neither of
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The collapse function leads to bottom-up iteration

Pre-collapse top-down iteration
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Ryan Senanayake, Changwan Hong, Ziheng Wang, Amalee Wilson, Stephen Chou, Shoaib Kamil,

Saman Amarasinghe, and Fredrik Kjolstad

for  ( int ! i = 0; i < m; i++) {
  for  ( int ! jB = B2_pos[i];
           jB < B2_pos[i+ 1]; jB++) {
!    int ! j = B2_crd[jB];
!  !  a[i] ! +=! B[jB] * c[j];
!  }
}

for  ( int ! f = 0, i = 0;
         f < B2_pos[m]; f++) {
  if  (f >= B2_pos[m]) break ;

!  int ! j = B2_crd[f];
!  while  (f == B2_pos[i+1]) i++;

!  a[i] ! += B[f] * c[j];
}

for  ( int  p0 = 0, i = 0;
         p0 < CEIL(B2_pos[m], 16); p0++) {
  for  ( int  p1 = 0; p1 < 16; p1++) {
!    int  p = p0 * 16 + p1;
!  !  if  (p >= B2_pos[m]) break ;

    int  j = B2_crd[p];
!  !  while  (p == B2_pos[i+1]) i++;

!    a[i] ! += B[p] * c[j];
!  }
}

collapse(i,j,f) pos(f,p,B(i,j)).
split(p,p0,p1,Down,16)

Fig. 5. An end-to-end example depicting how each transformation on aSpMVexpression modifies from
top-to-bo! om: the iteration of the coordinate hierarchy of the sparse matrix, the iteration graph, and the
generated code. The provenance graph data structure horizontally spans the figure such that the provenance
graph a" er each transformation consists of the subgraph contained within that transformationÕs column and
the columns to the le" of it.

structures. In the next section, we will describe derived sparse iteration spaces, more generally,
which will motivate our set of transformations, described in Section 4, as well as the iteration graph
and provenance graph abstractions that are used during code generation (Section 5).

3 DERIVED SPARSE ITERATION SPACES

The iteration space of the loops that iterate over tensors in a tensor algebra expression can be
described as a hyperrectangular grid of points, by taking the Cartesian product of the iteration
domain of each index variable in the expression. Figure 6b shows the iteration space of a dense
matrix-vector multiplication. Because the iteration space is dense, the grid contains every point. A
sparse iteration space, on the other hand, is a grid with holes, as shown in Figure 7b. The holes are
empty grid locations that should be skipped when iterating over the space. Locations that should be
visited are determined by sparse tensor data structures that only store the coordinates of nonzero-
valued components, shown abstractly as a coordinate tree in Figure 7a4. Missing coordinates in
these data structures correspond to tensor components whose values are zero. In sparse tensor
algebra, we can avoid iterating over the zeros because! + 0 = ! and! á0 = 0.

The sparse iteration space of a sparse tensor algebra expression is sparse because it iterates over
a subset of the points. This subset is described as intersections (stemming from multiplications)
and unions (stemming from additions) of the data structures of the tensor operands. In many
expressions, however, the data structures are not element-wise combined as in" ! " = #! " + $! " , but
instead di! erent tensors are indexed by di! erent subsets of the index variables. A simple example is

4The abstract coordinate trees we show are replaced by concrete data structures during code generation [Chou et al. 2018].
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Figure 3-14: Two iteration graphs con-
nected by a split relation. An origi-
nal graph (left) that coiterates over two
three-level coordinate hierarchies with
three index variables, and a derived
graph (right) whose middle index vari-
ablesj0 andj1 derive fromj in the orig-
inal graph. Under the graphs there are
iteration graph expressions, followed
by the iteration domains of each index
variable. The index variablej0 iterates
through equal-sized blocks ofjÕs itera-
tion domain, while each execution ofj1
coiterates through the coordinates ofB2
andC2 within each block.
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The derived iteration graph has two derived index variables,j0 andj1,
that derive fromj. These index variables have corresponding forall
statements, and their universes are dimensions of the iteration space,
but they do not index into the original coordinate trees. The relation-
ship betweenj0, j1, and j is given as a relation after the: symbol,
which should be read as Òsuch thatÓ. Relations use an arrow annotated
with the type of the relation and its arguments to map index variables
to their derived counterparts. Figure3-14also contains the graphical
representation of the derived iteration space. It shows how the rela-
tion maps betweenj in the original iteration graph andj0 andj1 in the
derived iteration graph. It also shows the iteration graph expressions
and index variable iteration domains for each iteration graph. Thej0
index variable iterates over the dense range[0, 4) denoting four blocks.
Thej1 index variable iterates over each block by coiterating over coor-
dinate levelsB2 andC2, intersected with the coordinates in the block.
Each block contains one fourth of the coordinates in the universe ofjÕs
iteration domainÑthe! rst block contains the! rst fourth, the second
block the second fourth, and so forth.

i1 i3

j1 j3 j4 j2 j3

i

j

(a) The original index variablesi and j
iterate over their respective levels. For
each iteration ofi , j iterates over the
corresponding segment.

i1 i3

j1 j3 j4 j2 j3f

advancei

(b) The collapsed index variablef iter-
ates over the Cartesian combination ofi
andj by iterating over the bottom level
of the coordinate tree. At each step it
tracks the currentj andi coordinates.

Figure 3-15: Iteration over a coordinate
tree before and after fusing thei and j
index variables intof .

The collapse relation combines two nested index variables into a
single index variable that iterates over the Cartesian combination of
their coordinates. Collapse relations have no arguments. Figure3-
15shows the e" ect fusion has on the iteration over a coordinate tree.
Figure3-15bshows the iteration after fusion: Thej coordinates of ev-
ery segments at the bottom level of the three enumerates the subset
of the i -j Cartesian combination that is present in the tree. Hence,
the collapsed variablef can simply iterate over them to iterate over
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for  ( int ! i = 0; i < m; i++) {
  for  ( int ! jB = B2_pos[i];
           jB < B2_pos[i+ 1]; jB++) {
!    int ! j = B2_crd[jB];
!  !  a[i] ! +=! B[jB] * c[j];
!  }
}

for  ( int ! f = 0, i = 0;
         f < B2_pos[m]; f++) {
  if  (f >= B2_pos[m]) break ;

!  int ! j = B2_crd[f];
!  while  (f == B2_pos[i+1]) i++;

!  a[i] ! += B[f] * c[j];
}

for  ( int  p0 = 0, i = 0;
         p0 < CEIL(B2_pos[m], 16); p0++) {
  for  ( int  p1 = 0; p1 < 16; p1++) {
!    int  p = p0 * 16 + p1;
!  !  if  (p >= B2_pos[m]) break ;

    int  j = B2_crd[p];
!  !  while  (p == B2_pos[i+1]) i++;

!    a[i] ! += B[p] * c[j];
!  }
}

collapse(i,j,f)

i

j

B1

B2 c1!
pos(f,p,B(i,j)).
split(p,p0,p1,Down,16)

Fig. 5. An end-to-end example depicting how each transformation on aSpMVexpression modifies from
top-to-bo! om: the iteration of the coordinate hierarchy of the sparse matrix, the iteration graph, and the
generated code. The provenance graph data structure horizontally spans the figure such that the provenance
graph a" er each transformation consists of the subgraph contained within that transformationÕs column and
the columns to the le" of it.

structures. In the next section, we will describe derived sparse iteration spaces, more generally,
which will motivate our set of transformations, described in Section 4, as well as the iteration graph
and provenance graph abstractions that are used during code generation (Section 5).

3 DERIVED SPARSE ITERATION SPACES

The iteration space of the loops that iterate over tensors in a tensor algebra expression can be
described as a hyperrectangular grid of points, by taking the Cartesian product of the iteration
domain of each index variable in the expression. Figure 6b shows the iteration space of a dense
matrix-vector multiplication. Because the iteration space is dense, the grid contains every point. A
sparse iteration space, on the other hand, is a grid with holes, as shown in Figure 7b. The holes are
empty grid locations that should be skipped when iterating over the space. Locations that should be
visited are determined by sparse tensor data structures that only store the coordinates of nonzero-
valued components, shown abstractly as a coordinate tree in Figure 7a4. Missing coordinates in
these data structures correspond to tensor components whose values are zero. In sparse tensor
algebra, we can avoid iterating over the zeros because! + 0 = ! and! á0 = 0.

The sparse iteration space of a sparse tensor algebra expression is sparse because it iterates over
a subset of the points. This subset is described as intersections (stemming from multiplications)
and unions (stemming from additions) of the data structures of the tensor operands. In many
expressions, however, the data structures are not element-wise combined as in" ! " = #! " + $! " , but
instead di! erent tensors are indexed by di! erent subsets of the index variables. A simple example is

4The abstract coordinate trees we show are replaced by concrete data structures during code generation [Chou et al. 2018].
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for  ( int ! i = 0; i < m; i++) {
  for  ( int ! jB = B2_pos[i];
           jB < B2_pos[i+ 1]; jB++) {
!    int ! j = B2_crd[jB];
!  !  a[i] ! +=! B[jB] * c[j];
!  }
}

for  ( int ! f = 0, i = 0;
         f < B2_pos[m]; f++) {
  if  (f >= B2_pos[m]) break ;

!  int ! j = B2_crd[f];
!  while  (f == B2_pos[i+1]) i++;

!  a[i] ! += B[f] * c[j];
}

for  ( int  p0 = 0, i = 0;
         p0 < CEIL(B2_pos[m], 16); p0++) {
  for  ( int  p1 = 0; p1 < 16; p1++) {
!    int  p = p0 * 16 + p1;
!  !  if  (p >= B2_pos[m]) break ;

    int  j = B2_crd[p];
!  !  while  (p == B2_pos[i+1]) i++;

!    a[i] ! += B[p] * c[j];
!  }
}

collapse(i,j,f) pos(f,p,B(i,j)).
split(p,p0,p1,Down,16)

Fig. 5. An end-to-end example depicting how each transformation on aSpMVexpression modifies from
top-to-bo! om: the iteration of the coordinate hierarchy of the sparse matrix, the iteration graph, and the
generated code. The provenance graph data structure horizontally spans the figure such that the provenance
graph a" er each transformation consists of the subgraph contained within that transformationÕs column and
the columns to the le" of it.

structures. In the next section, we will describe derived sparse iteration spaces, more generally,
which will motivate our set of transformations, described in Section 4, as well as the iteration graph
and provenance graph abstractions that are used during code generation (Section 5).

3 DERIVED SPARSE ITERATION SPACES

The iteration space of the loops that iterate over tensors in a tensor algebra expression can be
described as a hyperrectangular grid of points, by taking the Cartesian product of the iteration
domain of each index variable in the expression. Figure 6b shows the iteration space of a dense
matrix-vector multiplication. Because the iteration space is dense, the grid contains every point. A
sparse iteration space, on the other hand, is a grid with holes, as shown in Figure 7b. The holes are
empty grid locations that should be skipped when iterating over the space. Locations that should be
visited are determined by sparse tensor data structures that only store the coordinates of nonzero-
valued components, shown abstractly as a coordinate tree in Figure 7a4. Missing coordinates in
these data structures correspond to tensor components whose values are zero. In sparse tensor
algebra, we can avoid iterating over the zeros because! + 0 = ! and! á0 = 0.

The sparse iteration space of a sparse tensor algebra expression is sparse because it iterates over
a subset of the points. This subset is described as intersections (stemming from multiplications)
and unions (stemming from additions) of the data structures of the tensor operands. In many
expressions, however, the data structures are not element-wise combined as in" ! " = #! " + $! " , but
instead di! erent tensors are indexed by di! erent subsets of the index variables. A simple example is

4The abstract coordinate trees we show are replaced by concrete data structures during code generation [Chou et al. 2018].
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Figure 3-14: Two iteration graphs con-
nected by a split relation. An origi-
nal graph (left) that coiterates over two
three-level coordinate hierarchies with
three index variables, and a derived
graph (right) whose middle index vari-
ablesj0 andj1 derive fromj in the orig-
inal graph. Under the graphs there are
iteration graph expressions, followed
by the iteration domains of each index
variable. The index variablej0 iterates
through equal-sized blocks ofjÕs itera-
tion domain, while each execution ofj1
coiterates through the coordinates ofB2
andC2 within each block.
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The derived iteration graph has two derived index variables,j0 andj1,
that derive fromj. These index variables have corresponding forall
statements, and their universes are dimensions of the iteration space,
but they do not index into the original coordinate trees. The relation-
ship betweenj0, j1, and j is given as a relation after the: symbol,
which should be read as Òsuch thatÓ. Relations use an arrow annotated
with the type of the relation and its arguments to map index variables
to their derived counterparts. Figure3-14also contains the graphical
representation of the derived iteration space. It shows how the rela-
tion maps betweenj in the original iteration graph andj0 andj1 in the
derived iteration graph. It also shows the iteration graph expressions
and index variable iteration domains for each iteration graph. Thej0
index variable iterates over the dense range[0, 4) denoting four blocks.
Thej1 index variable iterates over each block by coiterating over coor-
dinate levelsB2 andC2, intersected with the coordinates in the block.
Each block contains one fourth of the coordinates in the universe ofjÕs
iteration domainÑthe! rst block contains the! rst fourth, the second
block the second fourth, and so forth.

i1 i3

j1 j3 j4 j2 j3

i

j

(a) The original index variablesi and j
iterate over their respective levels. For
each iteration ofi , j iterates over the
corresponding segment.

i1 i3

j1 j3 j4 j2 j3f

advancei

(b) The collapsed index variablef iter-
ates over the Cartesian combination ofi
andj by iterating over the bottom level
of the coordinate tree. At each step it
tracks the currentj andi coordinates.

Figure 3-15: Iteration over a coordinate
tree before and after fusing thei and j
index variables intof .

The collapse relation combines two nested index variables into a
single index variable that iterates over the Cartesian combination of
their coordinates. Collapse relations have no arguments. Figure3-
15shows the e" ect fusion has on the iteration over a coordinate tree.
Figure3-15bshows the iteration after fusion: Thej coordinates of ev-
ery segments at the bottom level of the three enumerates the subset
of the i -j Cartesian combination that is present in the tree. Hence,
the collapsed variablef can simply iterate over them to iterate over
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for  ( int ! i = 0; i < m; i++) {
  for  ( int ! jB = B2_pos[i];
           jB < B2_pos[i+ 1]; jB++) {
!    int ! j = B2_crd[jB];
!  !  a[i] ! +=! B[jB] * c[j];
!  }
}

for  ( int ! f = 0, i = 0;
         f < B2_pos[m]; f++) {
  if  (f >= B2_pos[m]) break ;

!  int ! j = B2_crd[f];
!  while  (f == B2_pos[i+1]) i++;

!  a[i] ! += B[f] * c[j];
}

for  ( int  p0 = 0, i = 0;
         p0 < CEIL(B2_pos[m], 16); p0++) {
  for  ( int  p1 = 0; p1 < 16; p1++) {
!    int  p = p0 * 16 + p1;
!  !  if  (p >= B2_pos[m]) break ;

    int  j = B2_crd[p];
!  !  while  (p == B2_pos[i+1]) i++;

!    a[i] ! += B[p] * c[j];
!  }
}

collapse(i,j,f)

i

j

B1

B2 c1!
pos(f,p,B(i,j)).
split(p,p0,p1,Down,16)

Fig. 5. An end-to-end example depicting how each transformation on aSpMVexpression modifies from
top-to-bo! om: the iteration of the coordinate hierarchy of the sparse matrix, the iteration graph, and the
generated code. The provenance graph data structure horizontally spans the figure such that the provenance
graph a" er each transformation consists of the subgraph contained within that transformationÕs column and
the columns to the le" of it.

structures. In the next section, we will describe derived sparse iteration spaces, more generally,
which will motivate our set of transformations, described in Section 4, as well as the iteration graph
and provenance graph abstractions that are used during code generation (Section 5).

3 DERIVED SPARSE ITERATION SPACES

The iteration space of the loops that iterate over tensors in a tensor algebra expression can be
described as a hyperrectangular grid of points, by taking the Cartesian product of the iteration
domain of each index variable in the expression. Figure 6b shows the iteration space of a dense
matrix-vector multiplication. Because the iteration space is dense, the grid contains every point. A
sparse iteration space, on the other hand, is a grid with holes, as shown in Figure 7b. The holes are
empty grid locations that should be skipped when iterating over the space. Locations that should be
visited are determined by sparse tensor data structures that only store the coordinates of nonzero-
valued components, shown abstractly as a coordinate tree in Figure 7a4. Missing coordinates in
these data structures correspond to tensor components whose values are zero. In sparse tensor
algebra, we can avoid iterating over the zeros because! + 0 = ! and! á0 = 0.

The sparse iteration space of a sparse tensor algebra expression is sparse because it iterates over
a subset of the points. This subset is described as intersections (stemming from multiplications)
and unions (stemming from additions) of the data structures of the tensor operands. In many
expressions, however, the data structures are not element-wise combined as in" ! " = #! " + $! " , but
instead di! erent tensors are indexed by di! erent subsets of the index variables. A simple example is

4The abstract coordinate trees we show are replaced by concrete data structures during code generation [Chou et al. 2018].
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for  ( int ! i = 0; i < m; i++) {
  for  ( int ! jB = B2_pos[i];
           jB < B2_pos[i+ 1]; jB++) {
!    int ! j = B2_crd[jB];
!  !  a[i] ! +=! B[jB] * c[j];
!  }
}

for  ( int ! f = 0, i = 0;
         f < B2_pos[m]; f++) {
  if  (f >= B2_pos[m]) break ;

!  int ! j = B2_crd[f];
!  while  (f == B2_pos[i+1]) i++;

!  a[i] ! += B[f] * c[j];
}

for  ( int  p0 = 0, i = 0;
         p0 < CEIL(B2_pos[m], 16); p0++) {
  for  ( int  p1 = 0; p1 < 16; p1++) {
!    int  p = p0 * 16 + p1;
!  !  if  (p >= B2_pos[m]) break ;

    int  j = B2_crd[p];
!  !  while  (p == B2_pos[i+1]) i++;

!    a[i] ! += B[p] * c[j];
!  }
}

collapse(i,j,f) pos(f,p,B(i,j)).
split(p,p0,p1,Down,16)

Fig. 5. An end-to-end example depicting how each transformation on aSpMVexpression modifies from
top-to-bo! om: the iteration of the coordinate hierarchy of the sparse matrix, the iteration graph, and the
generated code. The provenance graph data structure horizontally spans the figure such that the provenance
graph a" er each transformation consists of the subgraph contained within that transformationÕs column and
the columns to the le" of it.

structures. In the next section, we will describe derived sparse iteration spaces, more generally,
which will motivate our set of transformations, described in Section 4, as well as the iteration graph
and provenance graph abstractions that are used during code generation (Section 5).

3 DERIVED SPARSE ITERATION SPACES

The iteration space of the loops that iterate over tensors in a tensor algebra expression can be
described as a hyperrectangular grid of points, by taking the Cartesian product of the iteration
domain of each index variable in the expression. Figure 6b shows the iteration space of a dense
matrix-vector multiplication. Because the iteration space is dense, the grid contains every point. A
sparse iteration space, on the other hand, is a grid with holes, as shown in Figure 7b. The holes are
empty grid locations that should be skipped when iterating over the space. Locations that should be
visited are determined by sparse tensor data structures that only store the coordinates of nonzero-
valued components, shown abstractly as a coordinate tree in Figure 7a4. Missing coordinates in
these data structures correspond to tensor components whose values are zero. In sparse tensor
algebra, we can avoid iterating over the zeros because! + 0 = ! and! á0 = 0.

The sparse iteration space of a sparse tensor algebra expression is sparse because it iterates over
a subset of the points. This subset is described as intersections (stemming from multiplications)
and unions (stemming from additions) of the data structures of the tensor operands. In many
expressions, however, the data structures are not element-wise combined as in" ! " = #! " + $! " , but
instead di! erent tensors are indexed by di! erent subsets of the index variables. A simple example is

4The abstract coordinate trees we show are replaced by concrete data structures during code generation [Chou et al. 2018].
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Figure 3-14: Two iteration graphs con-
nected by a split relation. An origi-
nal graph (left) that coiterates over two
three-level coordinate hierarchies with
three index variables, and a derived
graph (right) whose middle index vari-
ablesj0 andj1 derive fromj in the orig-
inal graph. Under the graphs there are
iteration graph expressions, followed
by the iteration domains of each index
variable. The index variablej0 iterates
through equal-sized blocks ofjÕs itera-
tion domain, while each execution ofj1
coiterates through the coordinates ofB2
andC2 within each block.

i

j

k

B1

B2

B3

C1

C2

C3

!

!

!

" i " j " k Bi jk ! Ci jk

i # B1 ! C1

j # B2 ! C2

k # B3 ! C3

i

j0

j1

k

B1

B2

B3

C1

C2

C3

!

!

!

" i " j0" j1" k Bi jk ! Ci jk : j
split($,2)
%%%%%%%&j0j1

i # B1 ! C1

j0 # [0, 4)

j1 # B2 ! C2

k # B3 ! C3

split($, 2)

The derived iteration graph has two derived index variables,j0 andj1,
that derive fromj. These index variables have corresponding forall
statements, and their universes are dimensions of the iteration space,
but they do not index into the original coordinate trees. The relation-
ship betweenj0, j1, and j is given as a relation after the: symbol,
which should be read as Òsuch thatÓ. Relations use an arrow annotated
with the type of the relation and its arguments to map index variables
to their derived counterparts. Figure3-14also contains the graphical
representation of the derived iteration space. It shows how the rela-
tion maps betweenj in the original iteration graph andj0 andj1 in the
derived iteration graph. It also shows the iteration graph expressions
and index variable iteration domains for each iteration graph. Thej0
index variable iterates over the dense range[0, 4) denoting four blocks.
Thej1 index variable iterates over each block by coiterating over coor-
dinate levelsB2 andC2, intersected with the coordinates in the block.
Each block contains one fourth of the coordinates in the universe ofjÕs
iteration domainÑthe! rst block contains the! rst fourth, the second
block the second fourth, and so forth.

i1 i3

j1 j3 j4 j2 j3

i

j

(a) The original index variablesi and j
iterate over their respective levels. For
each iteration ofi , j iterates over the
corresponding segment.

i1 i3

j1 j3 j4 j2 j3f

advancei

(b) The collapsed index variablef iter-
ates over the Cartesian combination ofi
andj by iterating over the bottom level
of the coordinate tree. At each step it
tracks the currentj andi coordinates.

Figure 3-15: Iteration over a coordinate
tree before and after fusing thei and j
index variables intof .

The collapse relation combines two nested index variables into a
single index variable that iterates over the Cartesian combination of
their coordinates. Collapse relations have no arguments. Figure3-
15shows the e" ect fusion has on the iteration over a coordinate tree.
Figure3-15bshows the iteration after fusion: Thej coordinates of ev-
ery segments at the bottom level of the three enumerates the subset
of the i -j Cartesian combination that is present in the tree. Hence,
the collapsed variablef can simply iterate over them to iterate over
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for  ( int ! i = 0; i < m; i++) {
  for  ( int ! jB = B2_pos[i];
           jB < B2_pos[i+ 1]; jB++) {
!    int ! j = B2_crd[jB];
!  !  a[i] ! +=! B[jB] * c[j];
!  }
}

for  ( int ! f = 0, i = 0;
         f < B2_pos[m]; f++) {
  if  (f >= B2_pos[m]) break ;

!  int ! j = B2_crd[f];
!  while  (f == B2_pos[i+1]) i++;

!  a[i] ! += B[f] * c[j];
}

for  ( int  p0 = 0, i = 0;
         p0 < CEIL(B2_pos[m], 16); p0++) {
  for  ( int  p1 = 0; p1 < 16; p1++) {
!    int  p = p0 * 16 + p1;
!  !  if  (p >= B2_pos[m]) break ;

    int  j = B2_crd[p];
!  !  while  (p == B2_pos[i+1]) i++;

!    a[i] ! += B[p] * c[j];
!  }
}

collapse(i,j,f) pos(f,p,B(i,j)).
split(p,p0,p1,Down,16)

Fig. 5. An end-to-end example depicting how each transformation on aSpMVexpression modifies from
top-to-bo! om: the iteration of the coordinate hierarchy of the sparse matrix, the iteration graph, and the
generated code. The provenance graph data structure horizontally spans the figure such that the provenance
graph a" er each transformation consists of the subgraph contained within that transformationÕs column and
the columns to the le" of it.

structures. In the next section, we will describe derived sparse iteration spaces, more generally,
which will motivate our set of transformations, described in Section 4, as well as the iteration graph
and provenance graph abstractions that are used during code generation (Section 5).

3 DERIVED SPARSE ITERATION SPACES

The iteration space of the loops that iterate over tensors in a tensor algebra expression can be
described as a hyperrectangular grid of points, by taking the Cartesian product of the iteration
domain of each index variable in the expression. Figure 6b shows the iteration space of a dense
matrix-vector multiplication. Because the iteration space is dense, the grid contains every point. A
sparse iteration space, on the other hand, is a grid with holes, as shown in Figure 7b. The holes are
empty grid locations that should be skipped when iterating over the space. Locations that should be
visited are determined by sparse tensor data structures that only store the coordinates of nonzero-
valued components, shown abstractly as a coordinate tree in Figure 7a4. Missing coordinates in
these data structures correspond to tensor components whose values are zero. In sparse tensor
algebra, we can avoid iterating over the zeros because! + 0 = ! and! á0 = 0.

The sparse iteration space of a sparse tensor algebra expression is sparse because it iterates over
a subset of the points. This subset is described as intersections (stemming from multiplications)
and unions (stemming from additions) of the data structures of the tensor operands. In many
expressions, however, the data structures are not element-wise combined as in" ! " = #! " + $! " , but
instead di! erent tensors are indexed by di! erent subsets of the index variables. A simple example is

4The abstract coordinate trees we show are replaced by concrete data structures during code generation [Chou et al. 2018].
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Two-dimensional tiling examples

Universe split

these have the same amount of iteration space points, however, since
the rows may have a di! erent number of points. Figure3-17ccombines
an index variable collapse with a coordinate tree split to divide the
iteration space into two pieces that have exactly the same number of
non-empty points. This approach can be used to create statically load-
balanced iteration spaces, and is the approach taken to create the load-
balanced GPU SpMV implementation in Figure1-14.
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(a) By applying a universe split to thei dimension, we cut it into two halves with with the same number of rows and points, but
with di! erent numbers of of nonempty rows and points.
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(b) By applying a coordinate tree split to thei dimension, we cut it into two halves with the same number of nonempty rows.
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(c) By fusing the two dimensions followed by a coordinate tree split, we cut the iteration space into two halves with the same
number of nonempty points. Observe that collapse and split are not inverse transformations.

Figure 3-17: Three ways to split up the two-dimensional iteration space of the iteration graph#i #j Bi j ! cj , which is the graph
we would get from an SpMV operationai =

!
j Bi j cj . The three ways are a purple dashed universe split of thei dimension (a)

and two red coordinate splitsÑone of thei dimension (b) and one of the collapsedi andj dimensions (c).

3.3 Iteration Lattices

An iteration graph describes iteration over a multidimensional itera-
tion space as a hierarchy of iteration over index variables. Iteration

50
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A sparse (tensor algebra) scheduling language

• reorder(i, j) interchanges loops i and j


• split(i, i1, i2, d, s, t) strip-mines i into two loops 
i1 and i2, where i1 or i1 is of size s depending on 
the direction d. The tensor t is optional and, if 
given, means the loop is strip-mined w.r.t. its 
nonzeros.


• collapse(i, j, f) collapses loops i and j into a 
new loop f, which iterates over their Cartesian 
combination.


• precompute(S, e, t, I) precomputes 
expression e in index statement S before the 
loops I and stores the results in tensor t.


• unroll, parallelize, vectorize, …

Index Notation

Imperative IR

Target Code 
(C, CUDA, DSAs)

lowering

concretization

specialization

schedulingConcrete Index Notation
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Lowering algorithm for code generation

function !"#$% (forall statementSforall of index variablei )
let L be an iteration lattice constructed fromSforall
Emit initialize iterators ! Section5.2
for each lattice pointL p in L do

Emit loop header ! Section5.2
Emit access iterators ! Section5.2
Emit map candidate coordinates to the original space ! Section5.3
Emit resolve the coordinate ofi ! Section5.2
Emit map resolved coordinate to each derived space ! Section5.3
Emit locate from locators ! Section5.2
for each lattice pointL q < L p in L do

Emit conditional header ! Section5.2
let Ssimpli! edbe a statement constructed from

the body ofSforall by removing operands
that have run out of values inL q

!"#$% (Ssimpli! ed)
Emit assembly code ! Section5.4
Emit conditional footer ! Section5.2

end for
Emit advance iterators ! Section5.2
Emit loop footer ! Section5.2

end for
end function

function !"#$% (assignment statementSassignment)
Emit compute code ! Section5.4

end function

function !"#$% (where statementSwhere)
!"#$% (producer statement ofSwhere)
!"#$% (consumer statement ofSwhere)

end function

function !"#$% (sequence statementSsequence)
!"#$% (de! nition statement ofSsequence)
!"#$% (mutation statement ofSsequence)

end function

function !"#$% (multi statementSmulti )
!"#$% (left statement ofSmulti )
!"#$% (right statement ofSmulti )

end function

Figure 5-2: Algorithm that lowers concrete notation to imperative IR. The!"#$% function recurs on concrete
notation statements, and each call invokes the lower function that match the statement type. Black statements
are the control" ow of the lower algorithm, while colored statements emit code. Blue statements emit code to
iterate over the concrete notationÕs sparse iteration space and green statements emit code to assemble result
data structures and to compute values that go into those data structures.
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function !"#$% (forall statementSforall of index variablei )
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Emit map resolved coordinate to each derived space ! Section5.3
Emit locate from locators ! Section5.2
for each lattice pointL q < L p in L do
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let Ssimpli! edbe a statement constructed from

the body ofSforall by removing operands
that have run out of values inL q

!"#$% (Ssimpli! ed)
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Emit conditional footer ! Section5.2

end for
Emit advance iterators ! Section5.2
Emit loop footer ! Section5.2

end for
end function

function !"#$% (assignment statementSassignment)
Emit compute code ! Section5.4
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function !"#$% (multi statementSmulti )
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!"#$% (right statement ofSmulti )

end function

Figure 5-2: Algorithm that lowers concrete notation to imperative IR. The!"#$% function recurs on concrete
notation statements, and each call invokes the lower function that match the statement type. Black statements
are the control" ow of the lower algorithm, while colored statements emit code. Blue statements emit code to
iterate over the concrete notationÕs sparse iteration space and green statements emit code to assemble result
data structures and to compute values that go into those data structures.
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Course Project

lecture 10

3+1 min project pitch 
per person

10+5 min project discussion

per team

lectures 11 and 12 lectures 19 and 20

project demos

Each person contributes one 
pitch slide to a google slide deck. 

These pitches are not binding.

Pick any pitched project

and form teams of 2 ±1.

today


