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Course Project

3+1 min project pitch 10+5 min project discussion .
project demos
per person per team
lecture 10\ lectures 12 and 13 lectures 19 and 20

Pick any pitched project
and form teams of 2 +1.

Each person contributes one
pitch slide to a google slide deck.
These pitches are not binding.



Overview of topics

Lecture 7

- Data representation
» |teration spaces
» lteration graph IR

» lteration lattices to represent coiteration

Lecture 8

Concrete index notation IR
Code generation algorithm
Derived iteration spaces

Optimizing transformations
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[ Index Notation ]

Express computation at a high level
before generating code to iterate
over specific data structures

concretize

[ Concrete Notation

lower l

[ Imperative IR ]
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[ Index Notation ]

Express computation at a high level
before generating code to iterate
over specific data structures

concretize

[ Concrete Notation

schedule " Control order of
lower computation and
where temporary
values are stored

Generate imperative loops to coiterate [ Imperative IR ]
over relevant data structures

specialize




Concrete index notation specifies order of computations
and location of intermediate values

Index Notation Concrete Index Notation

Aj =B+ G AT BTG
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Concrete index notation specifies order of computations
and location of intermediate values

Index Notation Concrete Index Notation
Aj =B+ G AT BTG
=, bg b+ =D

g = | B;; G lig=twhere!;t+ =B;G



Concrete index notation grammars
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Concrete index notation grammars

Assignment statement

Ai . = expr

Forall statement

i stmt

Where statement

stmt; where stmt,

Environment

iIndex index Mse% iIndex
index @%ﬁo SCC)))icl?ldex inde
Obound(Oindex OO0 b O)O
Oparallelize(O index O,0 p 0,0

Ounroll(Oindex O,0 uO)O



Concrete index notation contains iteration graphs

Ltk A T T Bk
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Concrete index notation contains iteration graphs

Lk AT T Bk




Concrete index notation as an optimization IR

Index Notation

l concretization

Concrete Index Notation D scheduling — Optimizing transformations are applied before
coiteration code is generated. Thus it applies

l lowering equally to dense and sparse computation

Imperative IR

l specialization

Target Code
(C, CUDA, DSAS)
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Index Notation
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Concrete Index Notation
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Imperative IR
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Target Code
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Concrete index notation example

Index Notation

l concretization

Concrete Index Notation

l lowering

Imperative IR

l specialization

Target Code
(C, CUDA, DSAS)

Order of computation

N

!i!j!kAij += Bijk Ck




Concrete index notation example

Index Notation Aij = Bijk Ck
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Concrete index notation example

Index Notation

l concretization

Concrete Index Notation

l lowering

Imperative IR

l specialization

Target Code
(C, CUDA, DSAS)

Order of computation

8)
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Concrete index notation example

Index Notation Aij = Bijk Ck

concretization Order of computation

N

Concrete Index Notation Liti Tk Ay += Bijk C«

Iowering B 1 for ( int @ 0;1<m;i++){
7 for ( int pB2=B2_pos]i]; pB2 < B2_pos][i+ 1]; pB2++) {

i Int B2 crd[pB2];
Imperative IR int (=)B2_crd[pB2]

iInt  pA2 =i1*n + ;

int pB3 = B3 _pos[pB2];

iInt pcl=cl pos| 0];

while (pB3 < B3 pos[pBZ+ 1] &&pcl <cl_pos| 1]) {
int kB =B3_crd[pB3];
int  kc =cl _crd[pcl];
int k2 min(kB, ke);

Cl it (kB == && ke ==Kk) {

—7  AlpA2] += B[pB3] * c[pcl];
}

specialization

Target Code
(C, CUDA, DSAS) B 3

if (kB == k) pB3++;
i (kc == Kk) pcl++;



Concrete index notation example

Index Notation Aij = Bijk Ck

concretization Order of computation

N

Concrete Index Notation optlmlzatlon il Ay += Bijk Gk

lowering for (int (=) 0;i<m;i++){
— for ( int pB2=B2_pos[i]; pB2 < B2_pos][i+ 1]; pB2++) {

i Int B2 crd[pB2];
Imperative IR int (=)B2_crd[pB2]

iInt  pA2 =i1*n + ;

int pB3 = B3 _pos[pB2];

iInt pcl=cl pos| 0];

while (pB3 < B3 pos[pBZ+ 1] &&pcl <cl_pos| 1]) {
int kB =B3_crd[pB3];
int  kc =cl _crd[pcl];
int k2 min(kB, ke);

Cl it (kB == && ke ==Kk) {

—7  AlpA2] += B[pB3] * c[pcl];
}

specialization

Target Code
(C, CUDA, DSAS) B 3

if (kB == k) pB3++;
i (kc == Kk) pcl++;



Concrete index notation example

Index Notation Aij = Bijk Ck
K
concretzation Order of Computation Temp()rary storage
Concrete Index Notation optlmlzatlon ity Aj =t where ! t+= Bk C

lowering for (int (=) 0;i<m;i++){
— for ( int pB2=B2_pos[i]; pB2 < B2_pos][i+ 1]; pB2++) {

i Int B2 crd[pB2];
Imperative IR int (=)B2_crd[pB2]

float t= 0.0 ;

iInt  pA2 =i1*n + ;

int pB3 = B3 _pos[pB2];

iInt pcl=cl pos| 0];

while (pB3 < B3 pos[pBZ+ 1] &&pcl <cl pos| 1]) {
int kB =B3_crd[pB3];
int kc =cl crd[pcl];
int k2 min(kB, ke);

Cl i (kB == &&kec ==Kk) {

—7 t += B[pB3] * c[pcl];

specialization

Target Code
(C, CUDA, DSAS) B 3

}
if (kB == k) pB3++;
I (kc == K) pcl++;
AlpAZ] =1t;
}



Workspace to scatter into results in sparse matrix multiplication

Aj =  BiCy
k
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Workspace to scatter into results in sparse matrix multiplication

Inner Product | .| .| — . .
Matrix Multiplication itk A Bik Cy;

0

= ©
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Workspace to scatter into results in sparse matrix multiplication

Inner Product .11, A: 4= B.. C..
Matrix Multiplication ke ik K]

CSR A
A rows Dense b
cols| Compressed @‘
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Workspace to scatter into results in sparse matrix multiplication

Inper Prgd.uct. | i! | | " Aij 4= Bik ij
Matrix Multiplication = - <
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A rows Dense
cols| Compressed
CSR — H
B rows Dense
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Workspace to scatter into results in sparse matrix multiplication

Inper Prgd.uct. | i! | | " Aij 4= Bik ij
Matrix Multiplication = - <

CSR A B C
A rows Dense B
cols| Compressed
CSR L] — | #
B rows Dense
cols| Compressed B
CSC
cols Dense Must iterate over every i,j (inefficient)
C rows | Compressed




Workspace to scatter into results in sparse matrix multiplication
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Matrix Multiplication BRI T g |
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A rows Dense
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Workspace to scatter into results in sparse matrix multiplication

Linear Combination of Rows | .| k! _ Ai' 4= Bik Ck'
Matrix Multiplication BRI T g |
CSR B A A B C
A rows Dense ¢ [T [1 ]
cols| Compressed HEN [1 ] [
CSR Cl| — 1
B rows Dense ‘:
cols | Compressed ,

CSR ’

C rows Dense ¢
cols| Compressed




Workspace to scatter into results in sparse matrix multiplication

Linear Combination of Rows | | k| . A = Bik Ck'
Matrix Multiplication BRI T g |
CSR B . A B C
A
A rows Dense
cols| Compressed [ [T L]
CSR Cl ™ _ L TT1
B rows Dense ‘:
cols | Compressed ,

CSR ’

C rows Dense ¢
cols| Compressed




Workspace to scatter into results in sparse matrix multiplication

Linear Combination of Rows | .| k! _ Ai' 4= Bik Ck'
Matrix Multiplication " K] J J
CSR B o4
A
A rows Dense
cols| Compressed
CSR Cl

B rows Dense
cols| Compressed

CSR ’

C rows Dense ¢
cols| Compressed




Workspace to scatter into results in sparse matrix multiplication

Linear Combination of Rows | | k| . A = B'k Ck'
Matrix Multiplication " K] | | J
CSR 5| A
rows Dense > dense B;
A cols Compressed r— fO[ (Nt 1= 01 <m;itt) {
CSR Cl
B rows Dense ‘:
cols| Compressed K

CSR ’

C rows Dense ¢
cols| Compressed




Workspace to scatter into results in sparse matrix multiplication

Linear Combination of Rows
Matrix Multiplication

rows
A cols

rows
B cols

C FrOWS

cols

CSR

Dense

Compressed

CSR

Dense

Compressed

CSR

Dense

Compressed

itk A += Bik Cy

compressed B

dense C+1
—

for (int 1= 0;i<m;i++){

for (int pB2=B2 pos|i]; pB2 < B2_pos]i+
int k=B2 crd[pB2];

1]; pB2++) {
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Workspace to scatter into results in sparse matrix multiplication

Linear Combination of Rows
Matrix Multiplication

rows
A cols

rows
B cols

C FrOWS

cols

CSR

Dense

Compressed

CSR

Dense

Compressed

CSR

Dense

Compressed

itk A += Bik Cy

for (int i=  0;i<m;i++){

|

‘. for (int pB2=B2 pos|i]; pB2 < B2_pos]i+
| int k=B2 crd[pB2];

[

Scatter results into compressed A (inefficient)

}

1]; pB2++) {
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Workspace to scatter into results in sparse matrix multiplication

Linear Combination of Rows 1.1, A - where | nr Bi. ij '
Matrix Multiplication LI ! J

CSR
rows Dense
cols| Compressed

>

~ for (int 1= O;1<m;i++){

CSR :
\ 4
B FOWs Dense for (int pB2=B2 posli]; pB2 < B2_pos]i+ 1]; pB2++) {
cols | Compressed int k= B2_crd[pB2];
CSR

C rows Dense
cols| Compressed




Workspace to scatter into results in sparse matrix multiplication

Linear Combination of Rows 1.1, A - where | nr += B ij '
Matrix Multiplication LI ! J

CSR
rows Dense
cols| Compressed

>

~ for (int 1= O;1<m;i++){

CSR :
\ 4
B FOWs Dense for (int pB2=B2 posli]; pB2 < B2_pos]i+ 1]; pB2++) {
cols | Compressed int k= B2_crd[pB2];
CSR

C rows Dense
cols| Compressed




Workspace to scatter into results in sparse matrix multiplication

Linear Combination of Rows 1. 1. A — - where | nr += B ij '
Matrix Multiplication LI ! J

CSR
rows Dense
cols| Compressed

>

~ for (int 1= O;1<m;i++){

CSR :
\ 4
B FOWs Dense for (int pB2=B2 posli]; pB2 < B2_pos]i+ 1]; pB2++) {
cols | Compressed int k= B2_crd[pB2];
CSR

C rows Dense
cols| Compressed




Workspace to scatter into results in sparse matrix multiplication

Linear Combination of Rows
Matrix Multiplication

rows
A cols

rows
B cols

C FrOWS

cols

CSR

Dense

Compressed

CSR

Dense

Compressed

CSR

Dense

Compressed

5

Ll Aj -

compressed Co

dense row
——

~where 1! +=

for (int 1= 0;i<m;i++){

for (int pB2=B2 posli]; pB2 < B2_pos]i+
int k=B2 crd[pB2];

for ( int pC2=C2_pos[k]; pC2 < C2_pos[k+
int j=C2_crd[pC2];
i] += B[pB2] * C[pC2];

Bix Cj

1]; pB2++) {

1]; pC2++) {

10



Workspace to scatter into results in sparse matrix multiplication

Linear Combination of Rows
Matrix Multiplication

CSR

A rows Dense
cols| Compressed

CSR

B rows Dense
cols| Compressed

CSR

C rows Dense
cols| Compressed

!i.!j Aj — - where et = Bikaj-

- for (int 1= 0;i<m;i++){

1
|
\ 4
for ( int pB2 = B2_posJi]; pB2 < B2_pos[i+ 1]; pB2++) {
int k=B2_ crd[pB2];

for ( int pC2=C2_pos[k]; pC2 < C2_pos[k+ 1]; pC2++) {
int j=C2_crd[pC2];
U] += B[pB2] * C[pC2];

for ( int pA2= A2 posli]; pA2 < A2_pos[i+ 1]; pA2++) {
Int = A2_crd[pA2];
A[pAZ] = [];
] = 0.0 ;

10



Workspace to scatter into results in sparse matrix multiplication

Linear Combination of Rows
Matrix Multiplication

CSR

A rows Dense
cols| Compressed

CSR

B rows Dense
cols| Compressed

CSR

C rows Dense
cols| Compressed

5

LA - ~where 1! += B Gy

- for (int i=  0;i<m;i++){

for ( int pB2 = B2_posJi]; pB2 < B2_pos[i+ 1]; pB2++) {
int k=B2_ crd[pB2];

for ( int pC2=C2_pos[k]; pC2 < C2_pos[k+ 1]; pC2++) {

int j=C2_crd[pC2];
[Gustavson 1978] i += B[pB2] * C[pC2].

}

for ( int pA2= A2 posli]; pA2 < A2_pos[i+ 1]; pA2++) {
Int = A2_crd[pA2];
AlpA2] = Tk
il= 0.0 :
}

}

10



Other uses of where clauses

Scatter into results

Simplify merge code

GPU shared memories

Loop-invariant code motion

B \ . B .
JA JA
4 ~~5
)} 2 3
s L 3
\ A}

)\ )}

| O

| | 1

1 1

1 |

OW
C\ . C .
! | 4
' 0
’
q
K [OW
¢ 4
4 4

MTTKRP

Mixed precision

for (int 1= 0;1<m;i++){
double 1t = 0.0 ;
for ( int pB2=B2_pogs]i];
pB2 < B2 pos[i+1];
pB2++) {
int j=B2 crd[pB2];
tj += B[pB2] * c]j];

}
afi] = tj; \ /
}

Single-precision floating point

11



A derived iteration space Is one where dimensions have
been split or collapsed

split collapse
e e e e — [T [T —e)>

e

¢

e

¢
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A derived iteration space Is one where dimensions have
been split or collapsed

split collapse
e e e e — [T [T —e)>
split
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¢

e
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A derived iteration space Is one where dimensions have
been split or collapsed

split collapse
e e e e — [T [T —e)>
split

derived index variables

e

¢

e

¢
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A derived iteration space Is one where dimensions have
been split or collapsed

split collapse
e e e e — [T [T —e)>

derived index variables  original index variable |

—®

*

¢

¢

12



A derived iteration space Is one where dimensions have
been split or collapsed

split collapse
e e e e s.-- . [T7? [T —_— N

_ split | _ . M/D .
La=b+g ——  , il a=b+qG:] 0 lol1
Cannot simply rewrite access
\ f \ \ expressions as with dense, so the
derived index variables original index variable I mapping functions must be stored
In the IR, so we can later emit

code to remap coordinates.

12



The split iteration space function

"i" "k Bijk ! Gijk
| #B1! Cq
i #By! Co
k #B3! C3

o\,

A

“split($, 2 \ | /

o~

\
\
\
\
V
vy,
N
0O
N

"i"io i1 k Bijk ! Gijk ] O/S&%%/)@/@@l
| #B1! C
Jo#[02)
j1#B2! Co" [jo$n/2, (jo+ 1) $n/2]
Kk #B3! Ca

13



The split iteration space function comes in several
variants

split(direction , stride, [tensor operand]

14



The split iteration space function comes in several
variants

split(direction , stride, [tensor operand]

/

Split off a loop with stride iterations as the:
- outer loop (direction = %), or
- inner loop (direction = &)

14



The split iteration space function comes in several
variants

split(direction , stride, [tensor operand]
Split off a loop with stride iterations as the: Optional tensor operand whose nonzero

- outer loop (direction = %), or coordinates the split applies to. If not given,
inner loop (direction = &)’ the split applies to the universe of coordinates

of the split index variable.

14



The split iteration space function can split with respect to the
universe of coordinates or the coordinates of one operand

Universe split

nO—8—O0-0-070—00-0-e
gJ1 J2 J3 14 s,le J7 I8 J9 J1o
Ni domainU;

NC©

at coordinates ob

even split in coordinate universe, but
uneven split in b’s nonzero coordinates

15



The split iteration space function can split with respect to the
universe of coordinates or the coordinates of one operand

Universe split

nOC—8—0O0-0-0:0-0e 0O
gJ1 J2 J3 14 s,le J7 I8 J9 J1o

f domainU;
21 :
NG GIolT
at coordinates ob

even split in coordinate universe, but
uneven split in b’s nonzero coordinates

no-e
S J1 ]2

Of

Coordinate tree split

O—9
j3 Ja J5 Je J71I8 J9 J10

domainU;
2N
NGO (OIT

at coordinates ob

uneven split in coordinate universe, but
even split in b’s nonzero coordinates

15



The collapse iteration space function

2, /o

Cs collapse

—

~ =
_ -

IIi"j"k"| Bijkl | Cijkl P Bijkl ! Cijkl | Wef
| #B1! Cq | #B1! C1
| #Bx! Co f #(Bo&Bg)! (Co&C3)
K#B3! C3 k #Bs! Cqg
| #Bg! Cy

106



The collapse iteration space function

s /o

Cs collapse

-3
-y

1] 11 11 11 n n n - COIIa Se
i k1 Bijkr P Gjki " t"1 Bijkl ! Gijk :kaﬁi{a‘ﬁ‘ﬁ;fo f
| #B1! Cq | #B1! C1
J#B2! Co f # (B> &Bg)! (Cz&Cg)\
k #B3! C3 kK#Bg! Cy _
lterate over Cartesian combination of
| #Bg! Cy

coordinates in | and |.

106



The collapse function leads to bottom-up iteration

Pre-collapse top-down iteration

for (int li= 0;i<m;i++)
for ( int !jB=B2_pos]i;
jB < B2 pos][i+ 1]; 1B++) {

! int !j=B2_crd[jB];
| Lafi] ! +=!B[B] * cfj];
'}

}

17



The collapse function leads to bottom-up iteration

Pre-collapse top-down iteration

for (int 'i= 0O;i<m;it+){
for ( int 1B =B2 posli];
|B < B2_pos|i+
! int 1')=B2 crd[jB];

1 ali]
l}
}

| +=! BJjB] * cf]

1]; jB++) {

Post-collapse bottom-up iteration

n®
/
CONEE NSO DI

advanca
for (int 1'f= 0,1= 0O;
f < B2 _pos[m]; f++) {
it (f>= B2 _pos[m]) break ;

I int 1']j=B2_crd[f];
I while (f ==B2_posJ[i+1]) i++;

| afi] ! += B[f * c[j].
}
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Two-dimensional tiling examples

.
Universe split 528%\* ?D
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Two-dimensional tiling examples

Universe split

Coordinate tree split

split(*, 2)
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Two-dimensional tiling examples

Universe split

Coordinate tree split

Collapse+coordinate
tree split

split(", 2)

vy

=
¢
Ay’

o
N
)

=

o
N
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H
/ \
/ \
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o
|_\
—

split(", 2,8

GHICRG

GLC
SREE

collapse split(", 2 B)
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o
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A sparse (tensor algebra) scheduling language

Index Notation

l concretization

Concrete Index Notation D scheduling

l lowering

Imperative IR

l specialization

Target Code
(C, CUDA, DSASs)

reorder(l, J) interchanges loops i and |

split(i, i1, I2, d, s, t) strip-mines i into two loops
I+ and Iz, where 11 or i1 IS of size s depending on
the direction d. The tensor t is optional and, if
given, means the loop is strip-mined w.r.t. its
nonzeros.

collapse(i, j, f) collapses loops i and j into a
new loop f, which iterates over their Cartesian
combination.

precompute(S, e, t, I) precomputes
expression e in index statement S before the
loops | and stores the results in tensor t.

unroll, parallelize, vectorize, ...
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Lowering algorithm for code generation

function !"#3$% (assignment statemerBssignmen)
Emit compute code
end function

function !"#$% (where statemengyhere)
"#$% (producer statement Byhere)
"#$% (consumer statement @yhere)
end function

function !"#$% (sequence stateme&tequenc
"#$% (de nition statement 0fS;equency
"#$% (mutation statement 08sequency
end function

function !"#$% (multi statementSyyi)
"#$% (left statement 0Bmy)
"#$% (right statement ofSmy)

end function
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Lowering algorithm for code generation

function !"#3$% (assignment statemerBssignmen)
Emit compute code
end function

function !"#3$% (where statemen8ynere)
"#$% (producer statement Byhere)
I"#3$% (consumer statement @yhere)
end function

function !"#$% (sequence stateme&tequency
"#$% (dd nition statement 0fSsequency
"#$% (mutation statement 08sequency
end function

function !"#$% (multi statementSyyi)
I"#3$% (left statement ofSyyt)
I"#3$% (right statement ofSnuri)
end function

function !"#3$% (forall statementSo,g Of index variabla)
let L be an iteration lattice constructed fror&gal
Emit initialize iterators
for each lattice point_, in L do
Emit loop header
Emit access iterators
Emit map candidate coordinates to the original sp:
Emit resolve the coordinate of
Emit map resolved coordinate to each derived spe
Emit locate from locators
for each lattice poinl.qg < Lp In L do
Emit conditional header
let Ssimpiit ed D€ @ statement constructed from
the body ofSq 4 by removing operands
that have run out of values I 4
"#3% (Ssimpli! ed)
Emit assembly code
Emit conditional footer
end for
Emit advance iterators
Emit loop footer
end for
end function
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Course Project

3+1 min project pitch 10+5 min project discussion .
project demos
per person per team
lecture 10\ lectures 11 and 12 lectures 19 and 20

Pick any pitched project
and form teams of 2 +1.

Each person contributes one
pitch slide to a google slide deck.
These pitches are not binding.
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